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Abstract 



In this dissertation, we investigate the cohomology theory of restricted Lie algebras. 
Motivations for the definition of a restricted Lie algebra are given and the theory 
of ordinary Lie algebra cohomology is briefly reviewed, including a discussion on 
algebraic interpretations of the low dimensional cohomology spaces of ordinary Lie 
algebras. The general Cartan-Eilenberg construction of the standard cochain complex 
is given for ordinary Lie algebras. The representation theory of restricted Lie alge- 
bras is reviewed including a description of the restricted universal enveloping algebra 
Ures. (0) of a restricted Lie algebra. In the case of an abelian restricted Lie algebra, we 
construct an augmented complex of free Ures. (s) niodules that is exact in dimensions 
less than p and hence define the cohomology theory of these algebras in dimension 
less than p. Explicit formulas for the dimensions of the cochain spaces are given in 
the abelian case. In particular we show that the dimension of C''{q) is the same as 
that of the symmetric algebra S''{q). In the non-abelian case, we explicitly construct 
a cochain complex {C''{g; M), S''} for any coefficient module M ior k < 3 and give 
explicit formulas for the coboundary operators in these dimensions. It is shown that 
classical and restricted cohomology do not differ at all in dimension zero and that 
the restricted cohomology space H^{g;M) is canonically injected into the classical 
cohomology Hl^ (g;M). A canonical map H'^{g;M) — > H^■^ (g;M) is constructed and 
the kernel is investigated for specific coefficient modules. The corresponding notions 
of the usual algebraic interpretations of ordinary low dimensional cohomology are 
defined and we show that our restricted cohomology spaces encode this information 
as well. The dissertation concludes with some remarks on multiplicative structures 
in our complex as well as directions for further research. 
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Chapter 1 



Introduction 



The theory of Lie groups and their Lie algebras was first developed by Sophus Lie in 
the latter part of the nineteenth century as a part of geometry. During the period 
from 1900 to 1940, more and more of the theory of Lie algebras of characteristic zero 
was developed purely algebraically. Weyl's Theorem (1925) was originally proved 
using integration on compact groups, and it was just ten years later when Casmir 
and van der Waerden found a purely algebraic proof. This work together with J.H.C. 
Whitehead's two lemmas were among the hints that enabled Chevalley and Eilenberg 
to construct the cohomology spaces H*{g; M). 

In the positive characteristic case, many Lie algebras that arise as natural examples 
possess and additional structure. The guiding example is the algebra Der (A) of 
derivations of an associative algebra A. It is well known that the Lie commutator 
[I?, D'] of two derivations is again a derivation, but the composition D o D' need not 
be a derivation. However, if D is a derivation of A and /c > 1, we do have the Leibniz 
rule 



In particular, if the characteristic p of the ground field is positive, and we take k — p, 




k 
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the Leibniz formula implies that is a derivation of A so that the Lie algebra Dei^A) 
is closed under the mapping D ^ D^. Investigating the relations between the op- 
erations of raising to the p^^ power and the commutator bracket in the Lie algebra 
g[(y4) = End(y4) for an associative algebra A of positive characteristic leads one to 
the notion of a restricted Lie algebra. These algebras, along with the corresponding 
representation theory, were first systematically studied by Jacobson in . In particu- 
lar, Jacobson defined the notion of the restricted universal enveloping algebra f/res. (fl) 
of a restricted Lie algebra g, and showed that the category of restricted g-modules 
is naturally isomorphic to the category of (unital) f/rcs.(0)"J^odules. Unlike the case 
for ordinary Lie algebras, if g is a finite dimensional restricted Lie algebra, the al- 
gebra f/rcs.(fl) is also finite dimensional. Many Lie algebras of positive characteristic 
admit a restricted Lie algebra structure. In Jacobson shows that a necessary 
and sufficient condition for an ordinary Lie algebra of positive characteristic to admit 
the structure of a restricted Lie algebra is that all derivations of the form (ad (7)^ be 
inner. Such is the case for any Lie algebras with a non-degenerate Killing form for 
example. 

Hochschild first considered the cohomology theory of restricted Lie algebras in [0. 
Rather than constructing a cochain complex explicitly, he uses the canonical projec- 
tion 

where U{q) is the ordinary universal enveloping algebra, to induce a canonical map 
from restricted Lie algebra cohomology to ordinary Lie algebra cohomology for a 
given coefficient module M. That is, this projection gives every restricted g-module 
the structure of an ordinary g-module so that a free resolution of the ground field 
by Ut-csXq) modules is a free resolution of ?7(0)-modules. Some investigations into 
the usual interpretations of low dimensional cohomology spaces are made using these 
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mappings and exact sequence arguments. This approach is insufficient in that the 
terms in the resolution used to define the restricted cohomology are too big to be 
effective for computational purposes. One of the goals of the current dissertation is 
to improve on the results in [0] by obtaining a smaller free resolution of the ground 
field by f/rcs.(0)-niodules so that we obtain a cochain complex that is capable of 
making computations. We achieve this goal up to dimension p in the abelian case 
and partially in the non-abelian case. 

The organization of this dissertation is as follows. In chapter 2, we briefiy recall 
the theory of ordinary Lie algebra cohomology, including an explicit description of 
the Chevalley-Eilenberg cochain complex {C*(0;M),5}. We then describe the gen- 
eral Cartan-Eilenberg theory of cohomology and show that the cohomology of the 
Chevalley-Eilenberg complex is isomorphic to the derived cohomology of a certain 
free resolution of the ground field by f/(0)-modules. We then briefiy recall some of 
the common algebraic interpretations of the low dimensional cohomology spaces of a 
Lie algebra including classes of extensions of modules and infinitesimal deformations 
of Lie algebras. The second section of chapter 2 gives the definition of a restricted 
Lie algebra as well as reviews general theorems about the structure of these algebras 
and their representation theory. In particular, we note that the restricted version of 
the Poincare-Birkhoff-Witt theorem (Theorem ( |2.9D ) is valid so that there is a one-to- 
one correspondence between representations of a restricted Lie algebra and (unital) 
representations of its enveloping algebra t/res.(0)- Chapter 3 contains our results on 
restricted Lie algebra cohomology. In section (3.1), we construct an augmented com- 
plex 

a F — . 

of free U^^s. (0)-modules, and show that this complex is exact in dimensions less than p 
(Theorem ( |3.2D ). We then define the restricted cohomology of a restricted Lie algebra 
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g with coefficients in the restricted module M as 

i/'=(0;M) = ExtL.(0)(F,M). 

We also give the dimensions of the cochain spaces C^{q; M) in the abelian case and 
show that the dimension of C^{q) is the same as that of the symmetric algebra S^{q) 
(Corollary ( |3.6|) ). In section (3.2), we explicitly construct the cochain spaces C^{g:, M) 
for < 3 and coboundary operators d'' : C^(0; M) — > C'^+^(g; M) for A; < 2 and show 
that the dimensions are the same as those in the abelian case. Many proofs in this 
section are computational in nature, and the computations involve combinatorial 
identities modulo p that are themselves interesting. It is shown that there is no 
difference between ordinary cohomology and restricted cohomology in dimension 0, 
and Theorem ( p.9| ) explicitly describes the restricted cohomology space H^{q]M) as 
a subspace of the ordinary cohomology space (g; M). We show that the canonical 
map 

H\q;M)^HI{q-M) 

is not injective in general, and we investigate its kernel. In section (3.3), we develop 
the restricted analogs of the algebraic interpretations of low dimensional cohomology 
spaces and show that the cohomology defined by our complex encodes these notions. 
In particular, we show that classes of restricted outer derivations of a restricted Lie 
algebra q coincide with H^{q]q) (Theorem (|3.17|) ); classes of restricted extensions 
of restricted modules by M coincide with //^(g; Hom]F(A^, M)) (Theorem ( ^.20] )); 
classes of restricted extensions of restricted algebras by P) coincide with H'^{g; f)) 
(Theorem ( p.26|) ); and classes of restricted infinitesimal deformations of restricted Lie 



algebras coincide with H'^{q;q) (Theorem ( ^.29| )). Section (3.4) is a short discussion 
on the multiplicative structure of our complex. The dissertation concludes with a 
summary of the main results together with some remarks about further research. 
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Chapter 2 

Background 

2.1 Lie Algebra Cohomology 

2.1.1 The Chevalley-Eilenberg Cochain Complex 

Historically, some of the first clues leading to the investigation of the cohomology 
groups of a finite dimensional Lie algebra were born out of attempts to generalize 
two lemmas belonging to Whitehead. The first is a result used in the proof of the 
complete reducibility of modules over a semi-simple Lie algebra. The second is the 
key result in the proof of a certain splitting theorem due to Levi. To establish the 
flavor of Lie algebra cohomology theory, we give the precise statements here. 

Lemma 2.1 (Whitehead) Suppose that g is a semi-simple Lie algebra over a field 
F of characteristic zero and suppose that M is a g-module. If Lp : q ^ M is an 
¥-linear mapping satisfying 

= 9^{h) - hip{g) 

for all g,h & Q, then there exists an element m & M such that (f{g) — gm for all 
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As we will see, this is nothing more than a statement about the triviality of the 
1-dimensional cohomology groups of a semi-simple Lie algebra. The second result 
concerns 2-dimensional cohomology groups. The precise statement is as follows. 

Lemma 2.2 (Whitehead) Suppose that g is a semi-simple Lie algebra over a field 
¥ of characteristic zero and suppose that M is a finite dimensional g-module. If 
is a skew symmetric bilinear mapping satisfying 

^{[gh], f) + f^{h, g) + v{[hf],g) + g^{f, h) + ^{[fglh) + h^{g, f) = 0, 

then there exists a linear mapping ip : g ^ M such that 

^{g, h) = gtpih) - htpig) - ipUgh]). 

■ 

Other sources for this theory include the study of the topology of Lie groups and 
vector fields on Lie groups by E. Cartan. Lie algebras of smooth vector fields on 
manifolds are infinite dimensional and the cohomology theory described below must 
be suitably modified. The details were completed by Gelfand and Fuchs in ^ and 
1^. In this dissertation, we will mainly content ourselves with finite dimensional Lie 
algebras, although we put no restrictions on the characteristic of the underlying field F 
unless explicitly stated. We begin with an explicit description of the standard complex 
used in the computation of Lie algebra cohomology. It was originally constructed by 
Chevalley and Eilenberg in |0. If g is a Lie algebra over F and M is a g-module, a 
g-dimensional cochain of g with coefficients in M is a skew-symmetric, g-linear map 
on g taking values in M. The totality of all such maps comprises a vector space 

C"^(g;M) = HomF(A''0,M) 

over F under pointwise addition and scalar multiplication. We set C(0;M) = if 
g < and if g = 0, we identify ^^(g; M) with M = HomF(F, M). If G C^{g; M), 
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then 99 determines an element 5ip G C'^+^(g; M) by the formula 

^^{9i,---,9q+i) = (-l)'^*"V([^s,^t],^i,---,^s,---,^i,---,^g+i) 

l<s<t<q+l 
l<s<q+l 

where the symbol gl indicates that this term is to be omitted. It is easy to see that 
the mapping 1— > 5^9 is a linear transformation 6 : C"^(0; M) C"'^^(0;M) and 
a direct verification shows that 6"^ = 0. Therefore {C*{g;M),6} is a complex and 
its gth cohomology group is called the g-dimensional cohomology group (space) of g 
with coefficients in M and is denoted by H'^{g; M). We will denote the g-dimensional 
cocycles and coboundaries by Z'^{g;M) and B'^{g;M) respectively. In dimensions 
g = 0, 1 and 2 the coboundary operator formula reduces to 

5{m){g) = -gm 

S^{9,h) = -gip{h) + hifig) + ifidgh]) 

5^{g,hJ) = ^{[gh]J)-^i[gf],h) + ^i[hf],g) 

- 9y^{hJ) + hip{gJ) - fip{g,h) 

An examination of these formulae establishes the link between Whitehead's lemmas 



and Lie algebra cohomology. That is, both Lemmas 2A and 2^ are consequences of 
the following theorem. 

Theorem 2.3 If g is a finite dimensional semi-simple Lie algebra over a character- 
istic zero field W, then H^{g;M) = and H'^{g;M) = for all finite dimensional 
g-modules M . ■ 

We remark here that if M = Mi © M2, then easily we have 

iJ^(g; M) = H\g- Mi) © H\g- M2) 

so that this result, together with the complete reducibility of modules over semi- 
simple algebras of characteristic zero (Weyl's Theorem), reduces the computation of 



CHAPTER 2. 



COHOMOLOGY OF RESTRICTED LIE ALGEBRAS 



8 



Hi{q; M) to the case M irreducible. Note that if gM — 0, we must have dimM = 1 
by irreducibihty so that M is isomorphic to F and a g-cochain is a skew-symmetric 
g-hnear form on q with values in F. Since qM = 0, the second term in the coboundary 
formula vanishes and we have 

S^{9i, • • • , 9q+i) = Yl (-l)'^*"V(b., 9t],9i,---,9s,---,9t,---, 9q+i)- 

l<s<t<q+l 

In the case of trivial coefficients, we usually shorten our notation and write C^(0) 
in place of C"'(g;F). For scmi-simplc Lie algebras, the cohomology spaces with co- 
efficients in F are the most interesting since they correspond to cohomology groups 
for Lie groups. Indeed, if is the Lie algebra of a Lie group G, then a g'-cochain in 
C'^{q) gives rise to a right invariant differential form on G so that we have inclusion 
C^(0) r^^(G') where Vt*{G) denotes the de Rahm complex of the group G. The 
trivial action ensures that this inclusion commutes with the differential so that we 
have inclusion of the complex C*{q) into the de Rahm complex If G is com- 

pact, then this map induces an isomorphism in cohomology. The case qM ^ for 
semi-simple q and finite dimensional irreducible M is not interesting because of the 
following theorem also due to Whitehead. 

Theorem 2.4 (Whitehead) If g is a finite dimensional semi-simple Lie algebra 
over a characteristic zero field ¥, and M is a finite dimensional irreducible Q-module 
such that qM 7^ 0, then H'^i^Q- M) = for all q>Q. m 

Efforts to give algebraic proofs of these results of Whitehead as well as Weyl's theorem 
together provided the first clues for Chevalley and Eilenberg to give the preceding 
definition of Hi{q;M). 

2.1.2 Ccirtan-Eilenberg Definition of Cohomology 

In this subsection, wc will give the Cartan-Eilenberg definition of the cohomology 
groups of a Lie algebra and show that the explicit definition given above computes 
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this cohomology by means of a certain standard free resolution of F. The key notion 
is exploiting the correspondence between representations of a Lie algebra Q and (uni- 
tary) representations of its universal enveloping algebra U{q). Therefore we begin by 
recalling some facts concerning the universal enveloping algebra of a Lie algebra. If g 
is a Lie algebra, we denote the tensor algebra by T{q) . Recall that as a vector space, 
T{q) is given by 



oo 




and the multiplication is defined on homogeneous generators by juxtaposition. We 
denote by / the two-sided ideal in T{g) generated by all elements of the form 

g ® h — h® g — [gh\ 

and define the universal enveloping algebra for q as the quotient U (g) = T{q) / 1. We 
write the image of a generator gi®---®gn £ T{q) as gi ■ ■ ■ gn ^ U{g). The canonical 
augmentation e : T{g) ^ ¥ vanishes on / and hence we have an augmentation of the 
algebra U (g) which we also denote by e. We denote the kernel oi e : U{q) —>■ ¥ hy 
U{g)'^. The importance of U{g) in our cohomology theory hes in the fact that there 
is a one-to-one correspondence between Lie algebra representations of g (g-modules) 
and unitary representations of U{q). Consequently, the cohomology theory of a Lie 
algebra can be entirely constructed using the associative algebra U{q). Indeed, if 
we regard F as a trivial C/(g)-module (that is aX — e(a) • A for all a e U{g) and 
all A e F), the cohomology spaces H'^{g;M) defined above coincide with the spaces 
Ext^(.g^ (F, M) where M is regarded as a unitary U (5)-module in the natural fashion. 
To see this, let us define D'^ as the space of g-linear (non-alternating) forms on U{q)~^ 
with values in M and a coboundary operator 5 : ^ D^^^ by the formula 

<?+! 

5f{Xi, Xq+i) = Xif(x2, . . . , Xq+i) + ^{-iy-^f{Xi, Xj^iXj, Xg+i). 

J=2 
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We remark that this formula is a special case of the cohomology theory of associative 
algebras as defined by Hochschild in P if we set the appropriate operations to zero 
because of the trivial action on F. It is possible to give an explicit cochain map which 
establishes a natural isomorphism between the cohomology of the complex {D*,6} 
and the cohomology of the Chevalley-Eilenberg complex {C*{q;M),6}. Briefly, for 
every g-cochain / G D'^, we define a cochain /' G C"^(g; M) by the formula 

f{9i,---,9n) = sgncT/(^^(i),...,^^(,)). 

A direct verification shows that (Sf)' = 6f' so that the assignment f ^ f induces 
a map of cohomology groups. To see that this induced map is actually an isomor- 
phism, one shows that both of the above complexes are the equivariant cohomology 
groups derived from free resolutions of F by f/(g) -modules. The general theory of 
algebraic complexes then implies that the resulting cohomology groups are naturally 
isomorphic. 

In order to better motivate some of our later manipulations, we briefly recount the 
constructions of these resolutions here. The cochain complex {C*(g;M),5} is ob- 
tained from the following resolution. We set Co = U (q) regarded clS db TG gular (left) 
U (g)-module and we use the augmentation e : Co — > F as defined above. For g > 0, 
we set 

= f/(g)®A'^g 

with the natural f/(0)-module structure. The boundary operator d : Cg Cg^i is 
defined by the formula 

n 

d{x^giA---Agg) = "^i-iy^^xgj ^ gi A ■ ■ ■ gj ■ ■ ■ A gg 

i=i 

+ 5Z i-'^y^''^x^[9s,9t]Axi A- ■■(),■ ■■g-f- Agg. 

l<s<t<q 

Clearly each Cg is a free f/(0)-module and a direct computation shows that = 0. 
The verification of the acyclicity of this complex is not so straightforward. One must 
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introduce a grading of the complex and use this grading to introduce an increasing 
filtration of sub-complexes whose successive quotients are easily described in terms 
of the symmetric and alternating algebras on g. These quotient complexes can easily 
be shown to be acyclic and it then follows from general homological algebra theorems 
that the entire complex C^, is itself acyclic. A detailed proof by Kozul using spectral 
sequences can be found in [Q, Theorem (7.7.2). Now if M is a unitary ?7(0)-module, 
it is clear that 

C"^(0;M) =Homt;(0)(C„M) 

and the coboundary operator 6 : C'^{q] M) C"^+^(0; M) is the dual of the boundary 
map d. Therefore our original description of the cohomology of a Lie algebra is the 
equivariant cohomology group derived from M and the free resolution — ^ F. The 
construction in the associative case is less complicated. Here we set T>q = U (g) and 
use the same augmentation. For g > we define 

V, = U{g) ® f/(0)+ ® ■ ■ ■ ® f/(g)+ 

^ V ' 

g 

and the boundary operator is given by 

d{x ^ gi ® ■ ■ ■ ® Qq) = xgi® g2® ■ ■ ■ ® gq 

n 

+ ^(-l)-'~^a; ®gi®---® gj-igj (S) ■ ■ ■ gq. 
i=2 

In this case we can define an explicit chain homotopy operator H : Vq ^ T^q+i that 
shows the complex "D^, is acyclic. Namely, we define H : ¥ ^ to he the inclusion 
of F into t/(g), and on Di, we define H by the formula H : x ^ 1® {x — e{x)). For 
g > 0, we define H : Vq ^ T^q+i by 

H{x ® gi ® ■ ■ ■ ® gq) = I ® {x - e{x)) ® gi® ■ ■ ■ ® gq. 

It is easy to see that dH + Hd is the identity map on the complex so that is 
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acyclic. Moreover, we evidently have 

and the coboundary operator 6 : D'^ — >■ D'^'^^ is the dual of the boundary map 
d. Therefore the cohomology of the associative complex {D*, d} is the equivariant 
cohomology group derived from M and the free resolution — > F. 
To complete the argument that our two cohomology groups are isomorphic, we recall 
that if A is an associative algebra and F and T>^ ^ F are two resolutions 

of A-modules of the same 74-module F, and if C* is free over A while is acyclic, 
then the identity map F ^ F can be extended to a chain map C* — > P*. Moreover, 
any two such extensions are chain homotopic. It follows that there is a canonical 
induced homomorphism H{C) H{T>^). In our case, we can interchange the roles 
of C* and T>^ to see that this induced homomorphism is actually an isomorphism. 
The argument is completed by noting that our map / i-^ /' of the complex D* into 
C* is the dual of a certain chain map — > T>^ and hence induces an isomorphism in 
cohomology. 

We conclude this subsection with a final remark on the acyclicity of the complex 
which may be useful in the sequel. Quite generally, if A is an associative unital 
algebra over F, S C A is a subalgebra of A, and is a left S-module, then the 
abelian group Ab ®b bM is canonically a left A-module with the action 

a{a <S>m) — (aa) <S> m. 

where a,a E A and m E M. We call this A-module the induced module and write 
Ind^(M). If we define the homology of B with coefficients in M as Hg{B; M) — 
Tor^(F;M), then the acyclicity of the complex follows immediately from the fol- 
lowing result known as Shapiro's Lemma. 

Lemma 2.5 (Shapiro) Hq{B;M) is isomorphic to Ind;^(M)) for all q > 0. 



CHAPTER 2. 



COHOMOLOGY OF RESTRICTED LIE ALGEBRAS 



13 



If we apply the above considerations to U{q) and U{1)), where f) C is a subalgebra 
of 0, we get an [/(0)-module Ind[^|^|(M) = U{g) ®u(i)) M. In particular, if f) = 
so that a f)-module M is just a vector space; we can take M = ¥ and we have 
Ind^''^'*(F) = [/(g) (g)F F = U{q). Therefore Shapiro's lemma states 

iJ,(0;f/(0))-if,(F;F) 

and the later spaces are easily seen to vanish for all q. The argument is complete 
upon noticing that 

Having this definition of the cohomology spaces, we now turn our attention toward 
methods of computing these spaces for a given Lie algebra and coefficient module. 

2.1.3 Hochschild-Serre Spectral Sequence 

In this subsection we describe one of the main computational tools in Lie algebra 
cohomology - the Hochschild-Serre spectral sequence. In 1953, Hochschild and Serre 
studied the algebraic relations in the cohomology of a group that arise from group 
extensions G ^ G/N by giving a filtration of the complex of cochains of G with 
coefficients in an certain G-module and studying the resulting spectral sequence. In 
a follow up paper [||, they gave the analogous filtration of the complex {G*{g; M), 6} 
and showed that the corresponding spectral sequence abuts to the cohomology of the 
Lie algebra. For the convenience of the reader, we briefiy recall the details of the 
construction of the spectral sequence of a filtered complex here. We recall that a 
(degree +1) complex (of abelian groups, A-modules, etc.) K = {K'^,d} is filtered if 
we are given a decreasing sequence of subcomplexes 

K = F^K D F^K D • • • D F'^K D = 0. 
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Equivalently, for each g > 0, we have a decreasing filtration 

= F'^K'i D F^Ri D • • • D F^'^K'^ D F^'^+^Ri = 

of K"^ such that d{F'^K'^) C F'^K'^^^ for aU s and aU g. To each fihered complex K 
we have an associated graded complex 

GtK = ^Gr'K 

s>0 

where Gr'' K = F^'K/F^^^K and the differential d : Gr'' K Gr'^^^ K is induced by 
d : K ^ K. The inclusion F^K K induces a map H[F'^K) — > H[K) and we let 

F'H{K) = lm{H{F'K) H{K)). 

We therefore have a decreasing filtration 

H{K) = F^H{K) D F^H{K) D • • • D F^'HiK) D F^'+^HiK) = 

and an associated graded complex 

GiH{K) = ^Gi'H{K). 

If we keep track of the grading in we have 

GtH{K) = Gr^i/«(ir). 

s,q>0 

The Hochschild-Serre spectral sequence is a special case of the following general the- 
orem. 

Theorem 2.6 If K be a filtered complex, then there exists a spectral sequence {Ep'^}, 
s,q,r > 0, with 

E'J = Gt'{H'+%K)). 
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The last relation is written Ej. =^ H{K) and the spectral sequence is said to abut to 
HiK). 

Now, if g is a Lie algebra, f) C g is a subalgebra and M is a 0-module, Hochschild 
and Serre defined a filtration of the standard complex {C*{q] M), 6} in ||^ as follows. 
Define E'C^ = F'C^ig; M) C C^(0; M) by 

F^C = e C"^(g; M) : (f{gi, . . . ,gg) =0 whenever g - s + 1 of the lie in P)}. 

One can easily see that 6{F'^C'^) C F'^C'^^^ so that we have the filtration 

M) = F'^C D F^C D F^C D ■ ■ ■ D F'^C D p^i+^c'^ = q 

which is compatible with the differential S. We combine the main results in ^ in the 
following theorem. 

Theorem 2.7 If g is a Lie algebra and \j is a subalgebra of q, then there exists a 
spectral sequence {E'^''^} such that: 

(i) Eo^'^ = C^([); HomF(A^(0//i); M)). 

(ii) The differential d^'^ : ^^q''^ — » Eq'^^^ is the usual differential 

6 : C«(f); Homip(A^(0//i); M)) -> C^+'H); HomF(A^(5//i); M)), 
so that El''' = Hi{l); }iom^{A'{g/h); M)). 
(ill) Ifi) IS an ideal, then ^2'^ = H'{g/h-Hi{[)-M)). 
(iv) Epi ^ H'+'i{Q]M). 

2.1 A Algebraic Interpretations 

We close this section with some remarks on general algebraic interpretations of low 
dimensional cohomology groups of a Lie algebra. The corresponding notions will serve 
as motivation for the sequel. 
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First, for any coefficient module M, tfie space H^{g; M) is naturally isomorphic to the 
space of g-invariants. Recall that an element m e M is a g-invariant if gm — for 
all (? G g. This isomorphism is easy to understand given that H^{q-^M) = Z°(g;M) 
and 5(m) = if and only if —gm — for all g. 

For a shghtly more interesting example, recall that a derivation of a Lie algebra g is 
a linear map D : g — > g satisfying 

D[gh] = [gD{h)] + [D{g)h] 

for all gi, /i e g. The Lie commutator of two derivations is again a derivation so that 
the space Der(g) of all derivations of g is a Lie subalgebra of g[(g). If 51 G g is fixed, 
then the Jacobi identity implies that the map adg^ : g ^ g defined by ad g{h) = [gh] is 
a derivation of g. Such a derivation is called inner. In fact, the map ad : g — » Der(g) 
is a Lie algebra homomorphism and ad(g) is an ideal in Der(g). By definition, an 
outer derivation of g is an element of the quotient Der(g)/ ad(g). Now, the map 
ad : g — > Der(g) gives g the structure of a g-module and the 1-dimensional cochain 
space with coefficients in g is C^(g;g) = Hom]p(g,g). If 93 e C^(g;g), then 

Sip{g,h)^0 ^ ip{[gh])-[gip{h)] + [hip{g)] = 
^ ^{[gh]) = [g^{h)] + [^{g)h]. 

Therefore (/9 is a cocycle if and only if 93 is a derivation of g. Moreover, we have 
C°(0;0) = and 

Sgih) = -[hg] = [gh] = &dg{h) 

so that lm5 = ad(g). It follows that H^{q; g) = Der(g)/ ad(g). That is if^(g;g) is 
canonically isomorphic to the space of outer derivations on g. 

The space i?^(g;g) has another interpretation. Recall that a one dimensional right 
extension of g is by definition a short exact sequence of Lie algebras and their homo- 
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morphisms 

(2.1) 

with the Lie bracket in g' = g © F defined by 

[((?i,Ai),((?2,A2)] = ([(?i,(72]-Aic((72)+A2c((7i),0) (2.2) 

where c : g ^ g is a hnear map. Two one dimensional right extensions of L are 
equivalent if they can be included in a commutative diagram 

O^g^g'^F^O 

II o i o II (2.3) 
— ^g — > q" — — ^0 

It can be shown that c G C^(g;g) is a cocycle if and only if the bracket in ( |2.2| ) 
satisfies the Jacobi identity (it is clearly bilinear and skew symmetric). If you write 
out the left hand side of the Jacobi identity for ( ^.21 ) using {g, a), {h, P), (/, 7) G g©F, 
it simplifies to: 

i[9[hf]] + [hlfg]] + [figh]] + a6c{h, /) + (36c{f, g) + ^5c{g, h), 0) 

where 6c is the coboundary of the cochain c. Therefore if c is a cocycle, then (|2.2| ) 
defines a Lie bracket on g'. If we assign to each cocycle c G C^(g; g) the sequence ( |2.1| ) 



with bracket ( |2.2| ), then our previous remark shows that this assignment is surjective. 
If c' = c + 6b for some b G C°(g;g) = g, then the corresponding sequences may 
be included in a commutative diagram like that above whose middle vertical map is 
defined by {g, X) \—>- {g + Xb, A). This map is a Lie algebra homomorphism making the 
diagram commute so that our assignment is well defined. Finally, one can show that 
equivalent sequences come from cohomologous cocycles so that the space H^{q] g) can 
be naturally identified with equivalence classes of one dimensional right extensions of 
g. More generally, if M is any g-module, then H^{q;M) is naturally isomorphic to 
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the space of equivalence classes of 1-dimensional right extensions of M. By definition, 
such an extension is an exact sequence of g-modules 

O^M-^M'^F^O (2.4) 

where F is considered as a trivial g-module. Choosing a preimage for 1 G F determines 
a linear map g M. The module condition on M makes this map a cocycle and 
different choices of preimages give cohomologous cocycles. 

For another example, recall that a central extension of a Lie algebra g is an exact 
sequence of Lie algebras 

O^F^g'^0^0 (2.5) 

with the Lie bracket in g' = F © g given by 

[(Ai, xi), (A2, X2)] = (c(xi, X2), [xi, X2]) (2.6) 

where c:gxg^Fisa skew-symmetric bilinear map. Two central extensions are 
equivalent if they can be included in a diagram analogous to ( p.3|) . Here, the Jacobi 
identity for the bracket in ( ^IBf ) is equivalent to c e C^(g) being a cocycle. If c' = c+6b 
for some b G C^(g) = g*, then the map (A, x) 1-^ (A + b{x),x) is an equivalence of the 
corresponding central extensions ( ^.5] ) so that H'^{q) is naturally isomorphic to the 
space of equivalence classes of central extensions of g. 

We close this section with a cohomological description of infinitesimal deformations of 
a Lie algebra g. Recall that an infinitesimal deformation of g is a map rj : qxqxF ^ q 
written 

V{g,h,t) = [gh]t = [gh]+tc{g,h) (2.7) 

where c G C^(g, g) and [gh]t is a Lie bracket (mod t^) in g for all t G F. If we write 
out the Jacobi identity for the bracket ( p.7|) and simplify, we have 

t {c{g, [hf]) + [gc{h, /)] + c{h, [fg]) + [hc{f, g)] + c{f, [gh]) + [fc{g, h)]) . (2.8) 
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Of course we recognize the parenthesized term in ( |2.8| ) as —5c{g, h, /) so that rj is an 
infinitesimal deformation if and only if c G C^(0,0) is a 2-cocycle. Two infinitesimal 
deformations rji and 772 are equivalent if there is a linear map ^ '■ Q —>■ Q such that 

ciig, h) = C2ig, h) + [gm] + U9)h] - a[gh]) (2.9) 

for all g,h E Q. With this definition, we see from ( ^.91 ) that two infinitesimal de- 
formations rji and 772 are equivalent if and only if the corresponding cocycles Ci and 
C2 are cohomologous. Therefore we can identify the space of equivalence classes of 
infinitesimal deformations with H^{g,Q). 

2.2 Restricted Lie Algebras 

2.2.1 Guiding Examples and Definitions 

Lie algebras over fields of characteristic p > often posses an additional structure in- 
volving a set map — > 0. These objects were first systematically studied by Jacobson 
in where he termed them restricted Lie algebras. The corresponding cohomology 
theory was first examined by Hochschild in . In order to better motivate the formal 
definitions, we begin by describing two examples that serve as prototypes for the gen- 
eral notion of a restricted Lie algebra. First suppose that A is an associative algebra 
over F and recall that a derivation of A is a linear map D : A A that satisfies the 
Leibniz rule 

D{ab) = aD{b) + D{a)h 

for all a, 6 G A. The Lie commutator [D, D'] = DD' — D'D of two derivations is 
again a derivation so that the subspace DerA of linear transformations on A that 
consists of all derivations on A is a Lie subalgebra of the Lie algebra q\-{A) of all 
linear transformations on A. The composition of two derivations is, in general, not a 
derivation. However, an easy induction argument shows that we do have the following 
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more general version of the Leibniz rule. Specifically, ii D E Der A, a,b E A and k > 1, 
we have 

D^(a6) = ^ r^") D^(a)D'=-^(6). (2.10) 
i=o ^-^^ 

If we assume that the characteristic of the ground field F is positive, and we take 
k = p = charF, then Q j = (mod p) unless j = or j = p so that equation ( ^.lO] ) 
reduces to 

DP{ab) = aDP{b) + DP{a)b. 

Therefore if charF = p > 0, the Lie algebra Der A is closed under an additional 
mapping D i— D^. For the second example, recall that every associative algebra A 
has an underlying Lie algebra structure with Lie bracket [a, b] = ab ~ ba. We denote 
this Lie algebra by the corresponding Gothic letter a. If A has an anti-automorphism 
a I— i> a, then the subset g of o that consists of all skew elements with respect to 
this anti-automorphism (i.e. those a E A satisfying a = —a) is a Lie subalgebra of 
a. Moreover, if charF = p > 0, then aP = aP = {—aY = —aP so that g is also 
closed under the mapping a ^— a^. Investigating the algebraic relations between the 
operations of raising to the pth power and the Lie bracket in the underlying Lie 
algebra of an associative algebra leads to the abstract definition of a restricted Lie 
algebra. Before giving the definition, we recall that if F is a field of characteristic 
p > and X and Y are two (commuting) indeterminants, then we have the following 
well known relations in the polynomial ring F[X, Y\. 

{x-yy = xp-yp 

p-i 

j=0 

These relations imply corresponding relations for any two commuting elements x and 
y in an associative F-algebra A. In particular, if 6 G A is fixed and we denote the left 
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and right multiplications by b by A^, and respectively, then we have 

ipt-x,r = - A? = (p.r - (A.r 

1 p— 1 

(p.-A^r^ = $^p^,Ar^-^ = 5^(p,y(A,r^-^ 

j=0 j=0 

or equivalently, for all a,b & A, 

p 

[■■■[[ab\bl~b] = [abP] 

[...[[ab]b]---b] = (2.11) 

j=0 

It is clear that {aaY = a^a^ for all a G F and a & A. Moreover, one can use the 
relation ( p.ll| ) to show that 

p-i 

{a + bf = aP + &P + ^Sj(a, b) 

where jsj{a, b) is the coefficient of X^~^ in (ad(Xa + 6))^^^ (a), X an indeterminate. 
All of these considerations lead to the following definition. 

Definition 2.8 A restricted Lie algebra of characteristic p > is a Lie algebra q of 
characteristic p together with a map 0^0, denoted by g ^ g^^\ that satisfies 

Rl (A^)W = \'Pg^v\ 

R2 {g + = g^P^ + /i^ + ^[[[- • ■ [Mg^] ■ ■ ■ ]g,-M 

Sj=S or h 

where denotes the number of g's among the gj, 

R3[ghlP^] = [[---[gh]h] 



p 

for all g,h & Q and all A G F. 



The map g t— (^t^^ is referred to as the p-operator. For notational ease, we will write 
all multiple Lie brackets with the notation 

[[[■ ■ ■ [[9i92]93] ■ ■ ■ ]9p~i]9k] = [9i, ^2, • • • , 9k] 
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SO that in this notation we have 

9j=9 or h 

R3 [gh^P^] = [g,h^_^. 

V 

The remarks at the beginning of this subsection imply that if A is an associative 
algebra over F, then the underlying Lie algebra a of A is a restricted Lie algebra with 
the operation In particular, if M is a vector space over F, then the algebra 

Endp M of F-linear transformations M — > M is a restricted Lie algebra which will 
be denoted g[(M). A homomorphism Lp from one restricted Lie algebra to another 
is a Lie algebra homomorphism : g ^ f) such that v^((7fP^) = </2(5')^^^ for all (7 G 0. 



Restricted subalgebras, kernels and ideals are all defined in the obvious way. In [10 



Jacobson gives a necessary and sufficient condition in which an ordinary Lie algebra of 
characteristic p > admits the structure of a restricted Lie algebra. Indeed, condition 
(R3) in Definition ( |2.8| ) makes it clear that a necessary condition is that for every 
h & g, the derivation {a.d hy is inner. In ||10[, it is shown that this condition is also 
sufficient. In fact, it suffices that (adej)^ is inner for all ej in some basis for g. We 
remark that if g is restricted with respect to two p-operators g i— > (^Wi and g g^^^, 
then the map 

maps g into the center of g. Moreover, / is p-semi- linear in the sense that f{g + h) = 
fig) + f{h) and /(Ac/) = XPf{g) for all g,h e g and all A G F. The kernel of a 
p-semi-linear map is a subspace so that if two p-operators that make g a restricted 
Lie algebra agree on a basis, they are identical. If g is finite dimensional with a non- 
degenerate Killing form, then every derivation is inner so that g admits a restricted 
Lie algebra structure. Moreover, it is clear that in this case that the center of g is 
so that the p-operator on g is unique. For an example, let Zp denote the cyclic group 
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of order p and let A — F[Zp] denote the group algebra of Zp over F. As an F-algebra, 
A has a basis {1 P {x^ — 1) where x e Zp denotes a generator. It can 

be shown that the derivation algebra Der A has a basis Dj,j = 0,l,...,p—1, where 

Moreover, it is easy to verify that 

[Di,Dj] = (^-j)A+, 

D'j = 0(i>0). 

Finally, we remark that Der ^4 is simple as a Lie algebra so that the p-operator D^^ — 
DP is the only map Der A — > Der A giving Der A a restricted Lie algebra structure. 
The algebra Der A is usually referred to as the Witt algebra. 

We close this subsection by remarking that in the case when the Lie algebra q is 
abelian, that is [gg] = 0, the p-operator is a map g —> Q satisfying {Xg)^^ = X^g^^ 
and {g + h)^^ — g^^ + h^^ for all g,h E g and A e F. A map with these properties is 
called p semi-hnear. Recall that since F has characteristic p > 0, the Probenius map 
q; : A 1-^ is an automorphism of F. If V is an abelian group, an F- vector space 
structure on V is completely determined by giving a ring homomorphism F End(l^) 
where End(y) denotes the ring of group endomorphisms V ^V. Therefore if F is a 
vector space over F, then the composition 

F ^ F — > End{V) 

gives another vector space structure on V which we will denote by V. Now if Fp C F 
denotes the cyclic subfield of F of order p, a result often referred to as Format's Little 
Theorem implies that A^ = A for all A e Fp, and it follows that there is a canonical 
isomorphism V — ¥ <S)Wp V ^ V given by 

X<^ V i—>- a~^{X) V. 
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Therefore if M is an F vector space, a p semi-linear map F — > M is a linear map 
y — > M and vice versa. In this spirit, we use the symbol HomF(0; M) to denote the 
space of all p semi-linear maps of Q into M. 

The main facts about abelian restricted Lie algebras concern choosing special ba- 
sis under some additional assumptions. For us, we will begin our investigations of 
restricted Lie algebra cohomology in the abelian case since the absence of the Lie 
bracket in the p-operators linearly simplifies the situation considerably. 

2.2.2 Restricted Modules 

To study the cohomology of a restricted Lie algebra g, it is natural to confine our 
attention to representations of q that account for the restricted structure. We continue 
to fix an arbitrary restricted Lie algebra of characteristic p > 0. If M is a vector space 
over F, then we will say M is a (restricted) g-module if there is a restricted Lie algebra 
homomorphism p : Q ^ Qi{M). Following usual notational conventions, \l g & Q and 
X G M, we will denote the element p[g) {x) G M by gx. We note that the conditions 
on p imply that the pairing {g-ix) i-^ gx is bilinear and that 

[gfi\x = ghx — hgx 
g^^x = gPx 

for all g,h & Q and all x G M. The notions of invariants, irreducibility and com- 
plete reducibility for restricted representations are defined precisely as they are for 
representations of ordinary Lie algebras. 

We recall here that if q is an ordinary Lie algebra and p : g ^ qK^^) 
dinary Lie algebra representation of q, then there is a unique associative algebra 
homomorphism p : [/(g) — > End M satisfying p o n — p where tt : g — > [/(g) is 
the Poincare-Birkhoff-Witt map. Moreover, every ordinary (unitary) representation 
U{q) — > EndM restricts to a Lie algebra representation g qI{M) so that there is a 
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one-to-one correspondence between representations of the Lie algebra q and (unitary) 
representations of the universal enveloping algebra U (g) . Finally we recall that this 
correspondence preserves irreducibility so that in fact, the category of Lie algebra 
representations of q is naturally isomorphic to the category of unital representations 
of U{g). This fact is precisely what allows that ordinary cohomology theory of a Lie 
algebra q to be defined with a free resolution of the ground field by f/(g) -modules. 
We now proceed to define the analog of the enveloping algebra for restricted Lie al- 
gebras. That is, we wish to construct an unital associative algebra with an analogous 
universal mapping property with respect to restricted representations of g. 
Let J denote the two-sided ideal in U{q) generated by all elements of the form 

9^'^ - 9" 

where g ranges over g. We note that property {R3) in Definition ( p.8|) implies that the 
generators g^^^ — g^ are central in U{q). We denote the quotient U{q)/ J by f/res.(0) 
and refer to it as the restricted universal enveloping algebra for the restricted Lie 
algebra g. We note here that the augmentation e : U{q) ¥ vanishes on J and 
hence induces an augmentation f/rcs.(s) ~^ which we continue to denote by e. As 
for ordinary universal enveloping algebras, we denote the augmentation ideal Ker e by 
^res.(0)^- We remark that F is a trivial f/resXfl)"^'^'^^!^ ^'^^ ^^e action g\ = e{g) ■ A. 
We summarize the main properties of the algebra Uj-es.{d) the following theorem. 
The proof (s) can be found in [|Ty], pp. 185 - 192. 

Theorem 2.9 If g is a restricted Lie algebra of characteristic p > and {ejjjgA is a 
possibly infinite ordered basis for g, then 

(1) The monomials e\^e^ ■ ■ -ef' with I > and < kj < p form a basis for ^7res.(0)- 
In particular, if dim^Q = n, then dimp f/jcs. (fl) = P^- 

(2) The composition g ^^-^ U{g) — > f/res.(0) is infective. 
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(3) There is a one-to-one correspondence between restricted Lie algebra representa- 
tions of g and unitary representations o/[/res.(0)- Moreover, this correspondence 
preserves irreducibility. 

Statement (3) of Theorem ( p.9| ) is what we need to parallel the Cartan-Eilenberg 
construction of ordinary Lie algebra cohomology in the restricted case. That is, 
it implies that the cohomology theory of a restricted Lie algebra can be entirely 
constructed using the associative algebra t/resXfl)- We also remark here that together, 
conditions (1) and (3) of Theorem (|2.9| ) imply that every finite dimensional restricted 
Lie algebra has a finite dimensional faithful representation. We close this subsection 
by remarking that the quotient map U{q) f/rcsXfl) makes every f/resXfl) module a 
f/(g)-module so that any resolution of F by t/res. (0)-niodules is also a resolution of 
[/(0)-modules. 
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Chapter 3 

Restricted Lie Algebra 
Cohomology 

3.1 The Abelian Case 

In this chapter, we develop the cohomology theory of restricted Lie algebras, and 
therefore we consider only restricted Lie algebra modules for coefficients. As we will 
see, the presence of the Lie bracket terms in (g + h)^^^ complicates the situation 
considerably so that we begin by considering the abelian case. Suppose then that 
we are given an abehan restricted Lie Algebra g and a restricted g-module M. We 
will begin with the Cartan-Eilenberg definition of the cohomology groups of g. That 
is, we will attempt to construct a free resolution of F by f/res. (0)"'^o*iul6S where, as 
before, C/res.(0) denotes the restricted universal enveloping algebra and F is regarded 
as a trivial C/res.(0)-module. Of course the Cartan-Eilenberg theory shows that the 
resulting cohomology groups are independent of the particular resolution that we 
construct. In an effort to keep our notations as simple as possible, we will eventually 
use the notation C^(0; M) to denote the space of g-dimensional cochains of a restricted 
Lie algebra g with coefficients in a restricted module M. To avoid ambiguity, we will 
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use the notation — ^ when deahng with the cohomology of g considered as an ordinary 
Lie algebra. For example, the space of ordinary g-dimensional cochains from section 
(2.1.1) is (g; Af ), the ordinary coboundary operator is 6ci., and so on. 
As we noted in Section (2.2.2), the correspondence between restricted g-modules 
and C/res.(0)-iiiodules allows us to construct the cohomology theory of a restricted 
Lie algebra Q using the associative algebra Uj-esio)- Therefore we proceed to try to 
construct a free resolution of F in the category of [/i.cs.(0)"™'^dules. To begin, we set 
Co — Ures.io) regarded as a regular t/res.(s)-niodule and we have the augmentation 
e : UreaXo) lit,s> 0, but not both zero, we define 

with its natural structure of a Ures. (0)-module, and we set 

2t+s=k 

Evidently each is a free Uj-es. (3)-module. We then define a map 

dt,s '■ Ct^s ~^ C't.s-i ® C't-i,s+i 

by the formula 

dt,s{hi ■ ■ ■ ht ® gi A ■ ■ ■ A Qs ® x) ^ 

s 

J](-l)*-^/ii ■■■ht®giA---gi---Ags®giX (3.1) 

i=l 
t 

+ ^hi - ■ ■ hj ■ ■ ■ ht ® A gi A ■ ■ ■ A gs ® X (3.2) 

t 

- '^hi ■ ■ ■ hj ■ ■ ■ ht <^ hj A gi A ■ ■ ■ A gs <^ ^T^^- (3-3) 

j=i 

Clearly each dt^s is a t/res.(0)-iiiodule homomorphism so that the differential 
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defined by = ©(it,s is also a ^/res. (0)"'^odule map. Tlie justification of the term 
"differential" is established by the following theorem. 

Theorem 3.1 The maps dk defined above satisfy dk^idk = for k > 1 and tdi = 
so that {Ck,dk} is an augmented complex of free UresXo) '''modules. 

Proof. The terms in the sum are elements of Ct^s-i whereas the terms in the 

sums ( pl^) and (|3.3|) lie in Ct-i^s+i- Therefore, in order to compute dk-idk, we must 



apply dt^s-i to (|3.1| ) and dt-i^s+i to (|3.2|) and ( pTSl) . Applying dt^s-i to (|3.1| ), we have 
dt^s-i ^{-ly^^hi ■■■ht'S)giA---gi---Ags®giX 



.1=1 

s 



'^(-'^y ^ ^(-'^y ^hi---ht®giA---ga---g^---Ags® g^giX 

i=l \a<i 

+ "^{-lyhi ■■■ht®giA---gi---g„---Ags® g^QiX 

CT>i 
t 

+ ^hi---hyht®hfAgiA---gi---Ag,®giX (3.4) 

j=i 

- ^ hi ■ ■ ■ hj ■ ■ ■ ht ® hj A gi A ■ ■ ■ gi ■ ■ ■ A gs h^^giX j . (3.5) 
i=i / 

Since g is abelian, g^gi — giga = in f/rcs. (s) so that the terms in the first two sums 

in the parentheses cancel in pairs when summed over all i. This leaves the sum over 

i of ( pj.4D and (^.5]). Now we apply dt-^i^s+i to (^.2]). 

dt-i,s+i hi ■ ■ ■ hj ■ ■ ■ ht ® h^f A gi A ■ ■ ■ A gs ® X 
t / s 

Yl ( Yi-'^y^^ ■■■hj---ht®hf AgiA---g^--- Ags®gaX (3.6) 
i=i \o-=i 

+ hi - ■ - hj - ■ - ht® giA - ■ ■ Ags® hfx (3.7) 

+ ^hi---hr---hj---ht®h^f Ahf AgiA--- Ags^x (3.8) 

- ^hi ■ ■ ■ K ■ ■ ■ hj ■ ■ ■ ht ® hr A hf A gi A ■ ■ ■ A gs ® K^^x | . (3.9) 
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We note that the terms in ( |3.8| ) cancel in pairs since interchanging the first two terms 
in the alternating product multiplies the term by — 1. Finally, we apply s+i to 
( ^731) to get 

dt^i,s+i I - ^ hi ■ ■ ■ hj ■ ■ ■ ht ® hj A gi A ■ ■ ■ A Qs ^ h^^x 



i=i 

s 



[Y^{-^Thi - ■ - hj ■ ■ - ht® hj A gi A ■ ■ ■ g-, - ■ ■ A Qs® g.h] \ (3.10) 

j=l \a=l 

+ hi---hyht®giA---Ags®h^jX (3.11) 
+ ^hi---K---hj---ht®h^^^ Ahj AgiA--- Ags^h^^x (3.12) 

- ^hi- ■ -K- ■ -hj- ■ -ht^hr Ahj A gi A- ■ ■ A gs®K;r^hY^x\ . (3.13) 

This time the terms in ( p.l3| ) cancel in pairs. Moreover, the terms in ( p.4|) and (|3.6| ) 
are identical (with a = i) except for sign and hence they cancel. The terms in 



and ( p.lO| ) cancel in pairs since ^gi — gih^j ^ = 0. The terms in ( p.9| ) and ( p.l2| ) 



have the same sign but are equal apart from interchanging the first two terms in the 
alternating part. Finally the terms in (|3.7| ) and ( p.ll| ) match except for sign since 
h^^ = in Urcs.id) c'-iid hence the entire sum is zero as claimed. It remains to show 
that edi = 0. But by definition, Ci = F (g) g f/rcs.(0) = ® f/rcs.(0) and 

e{di{g ® x)) = e{gx) = 0. 

This completes the proof. ■ 
We remark here that we may replace t/res.(0) in the definition of Ck with any restricted 
0-module M and the above proof goes through unchanged to show that the resulting 
sequence is a complex. However, in the case where M = ?7res.(0), we have the following 
stronger result. 

Theorem 3.2 If C = {Ck,dk} is the complex defined above, then Hk{C) = for 
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< k < p so that if we define 
H\q; M) 



Ker(Homt;,,,,(g)(Cfc, M) ^ Homc7,,,.(g)(Cfc+i, M)) 



Im(Homt;_(g)(Cfc_i,M) -> Hom^_(g)(Cfc, M)) 



if^0;M) = Ex4_(g)(F,M) 



for < k < p. 



Our proof of Theorem ( p.2|) will require the computation of the homology of two 
auxiliary complexes. The first complex is defined as follows. For each > 0, we let 
Ck = Co,fc = A'^g (g) Uj-csX&) we define (?c = (9 : — > Ck-i by the formula 

d{gi A ■ ■ ■ A ^fc ® x) = ^(-l)^-^^i A ■ ■ ■ ■ ■ ■ A ^fc ® c/iX. 

i=l 

The computation in the proof of Theorem (|3.1|) shows 9^ = so that {C^:,d} is a 
complex. We fix a basis {ei, . . . , e„} in g once and for all and assume temporarily 
that g'^^ = so that in particular, = in U = f/res.(0) for all G g. If we choose a 
sequence 1 < ii < ■ ■ ■ < ik n, then it is easy to see that the element 

e,, A---Ae,, ®ef^---ef;^ (3.14) 

is a cycle in Ck since e^. = in [/. We denote the homology class of this element by 
hi^...if,. In these notations, we have the following lemma. 

Lemma 3.3 Hk{C) is spanned by the homology classes 

{hi^-ik ■ < ii < ■ ■ ■ < ik <n}. 

Proof. For each k > 0, and each 1 < s < n, we let Ck,s be the F-subspace of Ck 
spanned by all elements of the form 

e,, A ■ ■ ■ A e,, A e,, A ■ ■ ■ A ® e^;' ■ ■ ■ ^e:;Y ■ ■ ■ e^" (3.15) 
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where 



1 < ii < ■ ■ ■ < < s < ji < ■ ■ ■ < < n 



I + m = k 



< < p — 1 for s + 1 < a < n. 



Clearly the boundary of an element of the form ( ^.151 ) is either or has the same 



form so that we have a nested sequence of sub complexes 



C = C.oD C.iD ■■■ D C. 



■n 



where C.g = ©^Cfc^s- We claim that the inclusion map C.g — > Cs_i induces an isomor- 
phism in homology for all s, and hence H{C) = HiC.n)- To see this, we introduce a 
filtration in the quotient complex Cs-i/Cs as follows. We define Ft = Ft{C.s-i/C.s) to 
be the subspace of Cs-i/Cs spanned by monomials in which the total degree of the 
exterior part in ci, . . . , e^, . . . , e„ is less than or equal to t. Since the boundary oper- 
ator d either preserves this degree or decreases it by one, we see that this filtration 
is compatible with the differential d and hence we have a corresponding (homology) 
spectral sequence with = Ft/Ft-i. If we denote the induced differential E^ — > E^ 
by ds, then it is easy to see that dg acts on monomials a ® m by the formula 



where we write a = A 6; that is 6 G A*g is the monomial that results from deleting 
Cg from a. Let degg^(a u) denote the total degree of in the monomials u G 
U,a E A*g and note that if a^-u represents an element of the quotient C.g-^i/C.g, then 
degg^(a (8) u) 7^ 0,p. We then define a map Dg : — * E^ on monomials a G A*q and 
M G t/ by the formula 




b eg) CgU if a contains e^; 







if a does not contain e^. 
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where and du/dcs denotes the derivative of the monomial u with respect to the 
variable e^. If we set degg^ u = degg^(l ® u), then we have the equality 

Now we compute for any tensor product of monomials a®uEE^, 

a ® -T — \ „ degg_^(M)'U if a does not contain Cg] 



dsDgia ® u) 



dcgg^ (a(g)«) 

if a contains e=. 



But if the monomial a does not contain Cs, then degg^(a ® u) = degg^ u so that we 
have 

{a® u if a does not contain e.,; 
(3.16) 
if a contains e^. 

On the other hand, we have 

, if a does not contain e^; 

deg, (Ue.n) ® M + O (g) dcgg^ {u)u) if COUtaluS 6^ 



where we write a = A 6 as before. Now, degg^(6 ® Csu) = 1 + degg^(M) so that we 
have 

if a does not contain e.; 

D,d,{a®u) = { (3.17) 

a® u if a contains e,. 



Therefore if we add the results from equations ( |3.16|) and (|3.17|) , we have 



dsDs + D,ds = Ieo 

so that El = E'^ = and the spectral sequence of the filtration F collapses com- 
pletely. It follows immediately the quotient complex C.g^i/C.g is acyclic and hence 
the homology H{C.s-i) is equal to the homology H{C.s) for all s. In particular, we 
have H{C) = H{C.n)- It is obvious from the definitions that the boundary operator 
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on C.n is identically zero so that Hk{C.n) = Ck^n and the latter is spanned by cycles of 
the form ( |3.14| ) by definition. This completes the proof of the lemma. ■ 
We remark that our proof of Lemma ( p. 3D actually shows that the homology classes 
hi^...i^ for a basis form H{C) so that dim. Hk{C) = (^)- In the case g'^' 7^ 0, the 
elements (|3.14| ) are not necessarily cycles. However, the elements 



Ci = ef ' ® 1 - Ci ® ^ G Ci 

are clearly cycles and if we define the product of such elements with the usual product 
in the tensor product of F-algebras, we have 

Cn■■■c^,= (-l)'"/nA---A/.,®eJ----eJ'= (3.18) 

Jc{i,.--,fc} 

where 1 < ii < ■ ■ ■ < ik < n and 

{ e,^ iij eJ { p-l iij eJ 

fij = S r 1 and Qi = < 

[ egl ifj^ J [ ifj^ J. 

Evidently each Cj^ ■ ■ ■ is a cycle and we denote its homology class by hi^...if^. We 
then let Ck^n be the F-subspace of spanned by the elements Cj^ ■ ■ ■ Cj^. where 1 < 
ii < ■ ■ ■ < ik < n and C.„ = @k^k,n- We claim that the inclusion map C.„ — > C 
induces an isomorphism in homology and hence H{C) is spanned by the homology 
classes hi^...i^. A cycle c G C is a sum of monomials 

e/ ® e'' = Ci, A ■ ■ ■ A Ci, ® e^^ . . e^" (3.19) 

where > 0, / = (zi, . . . , z^) is increasing and r = (ri, . . . , r„) satisfies < < p — 1. 
We define the total degree of a monomial e/ ® by 

Deg(e/ ®e'') = k + ^ r^. 

i 

We remark that the boundary operator d : C ^ C either preserves Deg(e/ ® e^') or 
lowers it by p — 1 so that we can write d = + where preserves the total degree 
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and d~ lowers it by p — 1. We note that is precisely the boundary operator on the 
complex C.Q. To show that H{C.n) H{C) is an epimorphism, it suffices to show that 
given a cycle c G C, we can find a cycle c G C„ such that c — c = db for some chain 
h E C. Given a chain c G C, let c* denote the sum of the monomials in c of maximal 
total degree. We note that if dc = 0, then d^c* = since 9° preserves total degree. 
Consequently, Lemma (|3.3|) implies that c* — c' = d^b where c' is a cycle spanned by 
monomials of the form ( |3.14D and Deg(6) = Deg(c). It follows that {c~db)* is a cycle 
in C.n, say (c — db)* = c. If we let c" = c ~ db — c, then we have Deg(c") < Deg(c) 
and c — c = db — c". Inducting on Degc then shows that c — c = db for some cycle 
c G C.n and hence our map is an epimorphism as claimed. Similarly we can show that 
this map is a monomorphism so that we have shown the following lemma. 

Lemma 3.4 If C is the complex defined above, then H[C) = H{C.n) so that Hk{C) 
has a basis consisting of the homology classes 

{hii-if, : I < ii < ■ ■ ■ < ik < n}. 

In particular we have dim Hk{C) = (^) ■ ■ 

A basis for the space Ct^s consists of the monomials 

(g) e/ ® e*^ = ef ■ ■ ■ e^" (g) Ci, A ■ ■ ■ A ® e^^ ■ ■ ■ e^" (3.20) 

where = (/xi, . . . ,/in), / = {ii, ■ ■ • ,«s), r = (ri, . . . ,r„) and 

< /ij 

l/^l = Ej f^j = t 

1 < ii < ■ ■ ■ < is < n 
< Vj < p — 1. 

For each z = 1, . . . , n, we let 

Q = 1 ® e[^^ ® 1 - 1 ® ® ef"^ 
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and we easily note that Cj G Co,i is a cycle for all i. Now we define 

{d/dci (g) Ci) : Ct^s 

by the formula 

" Ci (e^ ® e/ O = — O ef A e/ (g) e'' - — (g) Ci A e/ O ef" e''. 



If /i = (/ii, . . . , /Xn) satisfies = t and J = {ii, . . . , is) is increasing, then by definition 
we write 

JC{l,...,s} 

where 

fei^ifjeJ (p-lifjeJ 

fij = S r 1 and = < 

\ ^ iij^J [ ifj^ J. 

We then define Ct^s to be the F-subspace of Ct^s spanned by the elements 

{e^ (g C/ : \fi\ = t and / is increasing} 

and 

— ^t,s- 

2t+s=k 

The boundary operator = 9 : — > C^-i is defined by 



j=l --J 

The proof of Theorem (|3.1|) shows that 9^ = so that € = {C,,, 5} is a complex. 
Lemma 3.5 If ^ is the complex defined above, then 

Tj I ^rcs.(g) if = 0; 

if < A; < p 
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Proof. Define a map D : €k ^ ^k+i by the formula 

s 

D{e^ ® ci) = ^(-l)--ie'^e,„ ® ■ ■ ■ 5^ ■ ■ 

a=l 

and compute for any monomial C/: 

n 

Dd{e^ ®ci)= ^(yUjef ■ ■ ■ ■ ■ ■ e^" ® cjCi) 

/ \ 

n 

J2 



and 



n s 



(g) c/ 



(3.21) 



■ C ® c.c^i ■ C ■ (3-22) 



j=l a=l 



9D(e^ ® c/) = ^(-l)"-^9(ef ■ ■ ■ efj^'^' ■ ■ ■ e: 

a=l 



,a=l 



a=l j=l 

j=itl,...,ls 



el- 



(3.23) 



.e^"®c,Q, -Q, -c,,. (3.24) 



Clearly the terms (|3.22| ) and ( p.24| ) are identical apart from sign so that we have 



(Dd + dD){e^' ci) 



(e^®c/) = (t + s)(e^®c/). 



Therefore we see that every cycle in {k = 2t + s) is a boundary provided that 
s + t 7^ (mod p). In particular, if < A; < p, then 0<t + s<pso that 
Hk{€) = 0. Moreover, €i = (£o,i is spanned by the Cj and dci = for all i. Therefore 
Ho{€.) = Co = f^es.(s), and the proof of the lemma is complete. ■ 
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Proof of Theorem ( |3.2|) . Let c G be a cycle so that dc = 0. We know c is a 
sum of monomials 

(g) 6/ (g) e"" = e'' (g) 

where G Cs with s = \I\ = k — 2\^\. Let t* be the maximum value of in the 
monomials that comprise c and write 

\fi\=t* \f,\<t* 

We claim that dcA^^ = if |/i| = t*. To see this, notice that we can write the boundary 
operator d as a sum d = dc + dir and is invariant with respect to dc whereas 
decreases by 1. Therefore we have 

= = ^ dcA^ + (terms with \n\ < t*) 

M=t* 

and it follows that 9c = as claimed. Now, for each \^\ = t*, Lemma ( |3.4| ) implies 
that Afj^ = Bn + dcCn where is a linear combination of cycles of the form ( |3.18| ). 
Therefore we have 

d(e^ (g Cf,) =e^ ® {A^ - B^) + (terms with < t*) 

so that 

®A^- d{e^ (g C^) = (g 5^ + (terms with \n\ < t*). 

We remark that the terms (g -B^ are elements of the complex (t by definition. All 
of this implies that we lose no generality in assuming the leading term 
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of c is an element of €. We claim that this term is a cycle in Indeed, we have 

= dc = dcc + dec = ^ e^"® dcA^ 

lMl=t* 

+ ^ e'^ ® dcA^ (3.25) 

\n\<t* 

+ ® ^m) (3-26) 

\ii\=t* 

\fj.\<t* 

We want to show that ( |3.26| ) is zero. Note that each term in ( |3.26| ) has degree {t* — 1) 
in the symmetric part and the only other terms of this degree can come from ( |3.25| ). 
The terms of degree {t* — 1) in ( 3.25| ) have the form (S) OqA^j^ whereas the terms in 



( p.26| ) are all in C But an element of €. never looks like dcA^ so that the sum 
( p.26| ) vanishes as claimed. Now, if < A; < p, it follows from Lemma (|3.5| ) that 



\i-i\<t* 

Note that since b & (t, deb = so that we have 

c-db = c-dcb-dJo= Y i.^^ ® ^m)- 

Therefore if we let c' = X]|^|<t*(^'^ ® ^a*)) that d{d) = 0, the degree of the 

symmetric part of c' is less than that of c and 

c = db + c'. 

Induction on the degree of the symmetric part of c then shows that if < < p, then 
Hk{C) = 0. If c G Co is in the kernel of e, then c is a sum of monomials 1 (8> 1 C^e*" with 
r = (ri, . . . , r„) and not all rj = 0. But if Vj ^ 0, then 1 ® ej ■ ■ ■ ^ ■ ■ ■ e"^ G Ci 
and clearly 

d{l ® Cj ® e'^ ■ ■ ■ ef^ ■ ■ ■ e^") = 1 ® 1 ® e^ 
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Therefore Hq{C) = and the proof is complete. ■ 
Now if M is a restricted g module, and < k < p, then Theorem (|3.2| ) states that 

i7'^(0;M)=Ext^_(^)(F,M) 



so that, using the complex C of Theorem (|3.2| ) we have 

C'^(0;M) = Homf;_(g)(Cfc,M) 

= Homt;_(0)(5*g® A^0®?7res.(g),M) 

2t+s=k 

= HomF(5*0®A^0,M). 

2t+s=k 

Therefore if q and M are finite dimensional, we have the following important corollary 



to Theorem (3.2). 



Corollary 3.6 // dimF(0) = n and dimF(M) = m, then the dimension of the space 
of k- dimensional cochains of g with coefficients in M is 



n + k — 1 
k 



m 



In particular the dimension of C^{q;¥) is the same as that of the symmetric algebra 

Proof. Recalling that dimpA^g = (") and dimp 5**0 = ("^*~^)! the above remarks 
show that 



m. 



\s+2t=k 

The result then follows from the identity 



E(:)(""ro-("\*-')- (3-) 



s+2t=fc 

To see this, we recall the well know identities 



;i+*r^E(:)*' 



fc>0 
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and 

Now, equating coefficients of in the equality 

gives the identity ( p.27| ) and the proof of the corollary is complete. ■ 
In the subsequent section, we will give explicit constructions of the cochain spaces 
C^{q; M) in the nonabelian case for A; < 3. We remark on this here to point out that 
the dimensions of these spaces will agree with those computed in Corollary ( p.6|) . This 
is remarkable because, in the characteristic zero case, an arbitrary Lie algebra is a 
deformation of an abelian Lie algebra. Upon defining a suitable notion of deformations 
of restricted Lie algebras, we might expect that the entire cohomology theory in the 
non-abelian case may be a deformation of the theory constructed above. That is, we 
may be able to think of the cohomology of non-abelian restricted Lie algebra as a 
sort of quantization of the cohomology of abelian Lie algebras. 

3.2 The Complex 

We have seen that in the absence of the Lie bracket in the additive property for the 
p-operator, we can construct a free resolution of the ground field F by [/res.(0)-niodules 
and therefore construct a complex {C*(g; M), 6} with cohomology 

H\g;M) = Ext'u_^^)i¥,M). 

The situation for nonabelian restricted Lie algebras is considerably more complicated. 
We will therefore content ourselves with explicit constructions of the fc-dimensional 
cochain spaces C^{g; M) and coboundary operators 
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for k <2. Continuing to use the notations above, we fix a field F with char F = p > 0, 
a restricted Lie algebra Q and a restricted g-module M. For A; < 1, define C'^(0; M) — 
C^^{q]M) and 5° : CO(s; M) ^ C\q-M) by 5^ = 5°^ It follows immediately that 
H^{q; M) — H^i {q; M). If (p : A^g ^ M is a skew-symmetric bihnear form on q with 
values in M and a; : g — > M, we say that uj has the ^-property with respect to (/? if for 
all A e F and all g,he q, 

(i) u;{Xg)^XM9)- 
(ii) 

u;{g + h) = u;{g)+oj{h) 

1 

+ X] ^ZTX](-l)*'fp---^P-fe+i<^([^i'---'i'p-fe-i]'^P-fc)- 

gj=g or h ^ ' k=0 

91=9,92 = '' 

Our space of 2-dimensional cochains is then defined as 

C^(0; M) = {(93, a;) | (p : A^g — >• M, a; : g ^ M has the * -property w.r.t 99}. 

Evidently if cu and cu' have the *-property with respect to (p and (p' respectively, then 
u + uj' has the *-property with respect to 9? + p', and hence C^(g, M) is a vector 
space over F by point wise addition in each coordinate. We remark here that given 
(p e C^iXq; M), there are numerous maps a; : g — > M with the *-property with respect 
to (p. In fact, if we choose a basis in g, then the values of cu on the basis can be assigned 
arbitrarily and conditions (i) and (ii) above completely determine cu for a given ip. 
Moreover, the mapping {p, u) (p of C^(g; M) into C^j (g; M) is clearly linear, and if 
we temporarily denote its kernel by K, we have an exact sequence of F vector spaces 

Q^K^ C'{q; M) ^ Ci(g; M) ^ 0. 

The kernel K consists of pairs (0, uj), and 00 : Q ^ Ad has the *-property with respect 
to the zero map if and only if a; : g — > M is p semi-linear as defined in (2.2.1). Using 
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the notation there, we write K = ILomflQ, M). It follows that if dimpg = n and 
dimf M = m, then 



dimFC^(g;M) = nm + 



n\ n(n + 1) 

m = m 

2/ 2 



which agrees with the result in Corollary ( p.6| ). To define the coboundary operator 
5^ : C^{g; M) — > C^(g; M), we will need the following lemma. 

Lemma 3.7 Given a linear map if) : q ^ M, if we define ip : q ^ M by the formula 
then ip has the *-property with respect to 6ci.ip. 



The proof of Lemma ( |3.7| ) will require the following technical lemma whose proof is 



an easy induction and is therefore omitted. 

Lemma 3.8 Let I = {ii, . . . , it}, J = {ji, . . . ,js}, r > 2 and write I + J = {2, . . . , r} 
if I U J = {2, . . . ,r} , I n J = ^ and 

2 < ii < 12 < ■ ■ ■ < it < r and 2 < ji < ^2 < ■ ■ ■ < is < 

It's okay for one of I or J to he empty. In this notation, we have 

[gi,...,gr]= ^ {-'^Tdis ■ ■ ■ 9ji9i9ii ■■■9if 

I+J={2,...,r} 



Proof of Lemma (|3.7|) . By definition and repeated application of the identity 



■■■,9p\ = -Sci.ip{[9i, • • • , 9p-i\,9p) - [91, • • • , 9p-i]'^i9p) + 9p'^[9i, 9p-i\ 
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we have 

i!{g + h) = V^(^W) 

1 f'''^ 

+ Yl -^7-^[Yi-'^)''9p---9p-k+iSci.i^{[9i,---,gp-k-i],9p-k) 

gj^g or h "^^{9 ) 

+ XI ^r^\Y^{-^f9p---9p^k+i[9i,---,9p-k-M{9p-k) 

gj=g or h ^^{9} 
91=9.92 = '' 

- {g + hY-\^l,{g)+^^{h)). 
Therefore it suffices to show that 

]i, . . . ,gp-k-i]'ip{9p-k) 1 (3.28) 



1 

-TTn) ■ ■ ■ 9p-k+l[9l 

g.^g or h ) ^^^q 



91=9.92 = '" 

- {g + hy~\ij{g)+^{h)) 



Now by Lemma |3.8| , we have 

p-i 

X^(-l)^fl'p- • •fl'p-fc+i[5'i, • • ■ , 9p-k-i]tpi9p-k) 



k=0 



• • • ^ai^i^bi • • • 9bt-M9bt)- (3.29) 



A+B 
= {2....,p} 



Moreover, it is evident that 

(g + hr-\^Pig)+^ih))= Y h---K.Mhp). (3.30) 

hj=g or h 

Now we count how many times hi - ■ ■ hp^iip{hp) occurs in ( |3.29| ). Suppose that ij^{g) ^ 
or p so that there is at least one g and h among the /ij, say g = /i^+i with < s < 
p — 1. For each such g, we have 

'p — 1 



\ {-ly (mod p) 

choices for ai, . . . , G {2, . . . Therefore there are {—iy^{g) (mod p) occur- 
rences of /ii ■ ■ ■ hp-lip (hp) in (|3.29| ). Since each such term has a coefficient of (— 1)*, 
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we see that there are #((7) (mod p) occurrences total. Therefore if i^{g) 7^ or p, 
we see that the terms in the first two hnes of equation (|3.28|) cancel in pairs. The 



remaining terms in (|3.30|) are —g^ ^'^{g) {H^{g) = p) and —h^ ^tplh) (#(5') = 0). 



This proves the lemma. ■ 
We can now define the coboundary operator 

6':C\q-M)-^C\q;M) 

hj 6^ : [Schip, ip), and we have our first important result. 

Theorem 3.9 In the above notations, 6^6^ = and H^{q; M) = Ker 5-"^/ Im5° injects 
as a subspace of HI^{q;M). 

Proof. Suppose ■?/' : g — > M is in the image of 5^ so that ip{g) = —gm for some fixed 
m G M. The classical theory the guarantees us that Sd.ip = 0. Moreover, for every 
(7 G 0, we have 

i^ig) = Hg^"^) - V(^) = -g^'^m + g^-'gm = -(^W - = 

since M is a restricted module. This shows that G Kei 5^ and hence H^{q]M) is 
well defined. If a G H^{q; M) is a restricted cohomology class and ip & a represents 
a, we must have d^ip = {6ci.ip,ip) = (0,0) so that in particular, ip is a classical 
cocycle. Therefore ip also represents an ordinary cohomology class which we denote 
by i{a) G H^y (3; M). If tp' G a, then -tp — -tp' = 5^{m) = 5° (m) for some m E M 
and hence ip and ip' are cohomologous in the classical sense as well. Therefore the 
mapping i : H^{q; M) H^iid'i ^) given by z : a 1-^ i{a) is well defined and clearly 
linear. Finally, if i{a) = 0, then ip = 6^1 (m) for some m & M and hence a = in the 
restricted cohomology as well. Therefore the map i is an injection and the proof of 
the theorem is complete. ■ 
Theorem (|3.9|) gives an explicit description of H^{q; M) as a subspace of HI^{q] M). 
Namely, a cohomology class a G Hl^ (0; M) represents a restricted cohomology class 
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if and only if = for all representatives ijj E a. We therefore can immediately 
investigate the restricted versions of the algebraic interpretations of H^i{q; M). We 
postpone these investigations until the subsequent section. 

The situation for C^[q]M) is considerably more complicated. However, once we 
obtain the desired space and coboundary operator, we can make all necessary calcu- 
lations of low dimensional cohomology and its algebraic interpretations. That is, we 
are usually content with the beginning of the cochain complex 

^ C°(0; M) ^ C\q; M) ^ C\q- M) ^ C\q; M) 

and we nearly have it. 

If a : A^Q — > M is a skew-symmetric multilinear map on g and /3 : g x g — > M , we 
say that /3 has the **-property with respect to a if the following conditions hold: 

(i) (3{g, h) is linear with respect to g. 

(ii) I3{g, \h) = XP(3{g, h) for all A e F. 
(iii) 

P{g,hi + h2) = P{g,hi)+P{g,h2)- 

!l = l,i2=2 

Our space of 3-dimensional cochains is then defined as 

C^{q; M) = {{a, P) : a e C^{g; M), P : q X q ^ M has the **-property w.r.t. a} 

Again, it is evident that if /3 and /3' have the **-property with respect to a and 
a' respectively, then P + /3' has the **-property with respect to a + a', and hence 

C^{q,M) is a vector space over ¥ by pointwise addition in each coordinate. As in 
the 2-dimensional case, given an element a e C^i (g;M), there are numerous maps 
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P ■ Q ^ Q ^ M having the **-property with respect to a. Indeed, we may again 
assign the values of (3 arbitrarily on a basis for g in each coordinate and conditions 
(i)-(iii) above completely determine (3 for a given a. We then have an exact sequence 
of F- vector spaces 

O^K^ C^{g; M) ^ CHq- M) ^ 

where the map C^(g; M) — C^j (g; M) is given by i— > a and K denotes the 
kernel of this map. This kernel consists of all pairs (0,/5) and j3 has the **-property 
with respect to if and only if (3{g,h) is linear in g and p-semilinear in h. In this 
connection we denote the kernel K by IIom]F(g ® g; M). If we again let dimpg = n 
and dimp M = m, then we see that 



dimp C^(g;M) = n^m+ 



n\ fn(n + l)(n + 2) 
' m = I m 



-37 V 6 
which agrees with our result in Corollary 
Now, an element {ip, u) G C^(g; M) induces a map /3 : g x g — ^ M by the formula 

/3ig,h) = ipig,h^P^)- i-iyhM[9,h^_^,h)+guih). (3.31) 

i+j=p-l j 

To define the coboundary operator 5^ : C^(g;M) — > C^(g;M) we will need the 
following lemma. 

Lemma 3.10 Given an element {(p,uj) G C^(g;M), the map P defined in ( ^. 31\) 
satisfies the ** -property with respect to (p. 

The proof of Lemma ( |3.1CI| ) is a computation in which we will use two combinatorial 
identities. We therefore state and prove these results before giving the proof of Lemma 

Lemma 3.11 
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Proof. The proof is a straightforward computation. It is well known that [p — 
(— 1) (mod p). Therefore if r < p, 

- - (p - 1)" > - . + 1) - - 0y. (™'^^)- 

It follows that 

'p—l — s\ {p — 1 — s)\ 



t J t\{p-l-s-t)\ 
((-l)*+V(p-l-t)!)(p-l-(sO)! 



(mod p) 



s+t (p-'^-ty. ^^tfp-i-t 



(-ly+t — ^-^ — = (-1) 

^ ' s\{p-i-s-ty ^ ' 



Lemma 3.12 If a > b, then 



i + c J \b J \ c — 1 

Proof. From the identity (1 + t)"(l + t)'''-'^ = (1 + we have 



j>0 i>0 ^ ^ fc>0 

Equating the coefficients of in ( p.32| ), we have 

a — b — 1\ 1 M ^ i + ^ 



i+j=k ^ 

' (z + (a-6- A;)) {b 



i=b 

The result follows immediately setting a — b — k = c. ■ 
Proof of Lemma (137101) It is easy to see from the definition of /? that conditions 
(i) and (ii) of the **-property are satisfied. It remains to verify condition (iii) with 
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a = 5\}p. If g, hi, h2 G g, we have 

Pig, h + h2) = vjg.hf) + ^(^,4"') 

ks = l or 2 " J 

- ^ (-'^yK---hkM[9,hk,+i,---,K-i],hk^) (3.33) 

i+j=p—l ks=l or 2 

+ gfa>(/ii) + gfu;(/i2) 
1 

fcs = l or 2 " 'i- ^ J j=0 

The four underhned terms along with the summands from the term ( |3.33| ) with all 
kg = 1 or all kg = 2 together make up (3{g,hi) + (3{g, h2). Therefore we must verify 
the remaining terms account for the double sum in condition (iii) with a = ip. 
Using the relation 

6ci.if{u,v,w) = 

ip{[uv],w) + ip{[vw],u) + {p{[wu], v) — uip{v, w) — vip{w, u) — w(p{u, v), 
we rewrite each term 

ghk^ ■ ■ ■ /ifcj,_,+i</?([/ii, . . . , /ifcp_,_i], hk^_.) 

as a sum of one term involving 6ci.y:> and five terms involving (f. The terms with 6ci.y:> 
make up the sum 

1 "'^ 

~ Y 4^ik = II 5Z hkJcM[ghk^],[hk„...,hk^_^_,],hk^_^), 

ks = l or 2 " * J j = A + B = 

*l = l,fc2=2 {p_j + i,...,p} 



which is equal to 



il,...,ip = lor2 * J fc = l ^ ^ 

;i=l,i2=2 
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It remains to show that the rest of the right hand side of the expression for (3{g, hi+h2) 
cancels completely. That is, we must show that the following sum is identically zero. 

"EE vJ'^^j (3-34) 

ks = l or 2 j+J=p-l 
not all = l i>0 
not all fes— 2 

+ ^ ^{k= i^ ^^3Ahk,^---^hk^]) (3-35) 

fe, = l or 2 " * J 



fci =l,fc9 = 2 



+ E E E 

fes = l or 2 i+j=p-l A + S= ' 
ki—l,k2=2 i>0 {p-j + l,....p} 



kA 



V{[[9^ hke]^ • • • > hk,+i) (3-36) 

- (3-37) 

- </'([^,^fcs,/ifc,+i],[/ifci,...,/ifcJ) (3.38) 
+ [/ifc,,...,/ifeJ(^([^,/ifc^],/ifc^_^J (3.39) 

- /ifc,+iV^([c/,/ifcs],[/ifci,...,/ifeJ)^. (3.40) 

The entire sum consists of terms 

s t u 

where s>0,t>0,u>l and s + t + u = p. We consider four cases. 

Case 1. t > 1 and u > 2. These terms come only from ( p.37] ),( ^.38|) and (|3.4(]| ). By 



counting the number of occurrences in each line, we see the coefficients in ( |3.37| ),( p38D 
and ( |3.4CI| ) are respectively 

1 fs + t' 



\s+t 



-1 



s+t-1 



1 /s + t-1 



#(/ii) V ^ 

1) 



s+t-l 1 fs + t-1 



ifih) V t 
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Therefore a well know identity from Pascal's triangle implies these terms cancel. 
Case 2. s > 1 and t = 0. These terms come only from (|3.37| ) and ( |3.4CI| ). The 
coefficients are respectively 

, ... 1 



\s-l 



so that the terms cancel. 

Case 3. s = t = 0. These terms come only from (|3.35|) and ( |3.37|) . This time the 
coefficients are respectively 

1 



so that, again, the terms cancel. 

Case 4. u = \. In this case, the terms have the form 



(3.41) 



This term appears in ([O^) , (|336|) , (^13^) , (p39D and (g). In ([O^ ), we note that 
not all the it are the same and the coefficient is —(—1)*. We only have terms in ( p.38| ) 
if i = 1 and ^ 2. In this case j = p — 2 so that (—1)-' = —1. If ip = 1, then each 
pair A, B with |y4| = s is counted once and the coefficient is 
1 / V — 2\ 1 ._.„,i/p — s — l\ 1 



p-2 

s 



-ir s + 1). 



The only difference for ( p.40| ) is that |y4| = s — 1 and hence the coefficient is 
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Therefore adding the terms in ( |3.38| ) and ( p.40| ) we have 

1 I 1 if = 1 



-1 



[ if 2p = 2. 

To investigate the coefficients in (|3.36|) , we first note that Lemma ( p.8|) imphes that 



C+D={2,...,i} 



Now, to make 



likci '''kii '''fc_Dj' "'fci+i. 



equal to 



we must first choose q{s + l<q<p — 1) with = 1 to make hi^ = h^^. Then 
we should choose j {s < j < q) to make |A| + = j. Then we should choose 
Ac {p — j — 1, . . . ,p} with |y4| = s. Here /i^^ should equal hi^ - ■ ■ hi^ (zi > • ■ ■ > is). 
Finally we choose 

Cg{2,...,z-1=p-2-j} 

with |C| = q — 1 — j. Here /ifcc should be hi^^^^, . . . , {ij+i < ■ ■ ■ iq-i). Using 
Lemma ( |3.11| ), the number of such choices is 



We remark here that 

(-iy + \C\ ^ (^\\A\ + \B\ + \C\ ^ 
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Therefore the the coefficient in ( |3.36| ) is 

9-1 



s-l<g<p-l J=S ^ 

iq — 1 



•ig — 1 



= ^-^^'^(hT)*^'' = l:s + l<q<p-l}. 
To compute the coefficient in ( p.39|) , we note that Lemma (|3l8| ) imphes 

{-iy+^^\hk^hkchk,hkDf{[9, hkg], hk,+,)- 

C+D={2,...,i} 



Now, to make 



hk^hkchk^hk^ipilg, hkg],hk,+i) 



equal to 



we must ffist choose q {1 < q < s) with = 1 to make hi^ = hk^- Next we choose 
a = \A\ (0 < a < q — 1). After this we make two choices: ffist choose A, with 
\A\ = a, from a set of \A\ + \B\ = a + (p — s — 1) elements, and then choose C, with 
|C| = g — 1 — a, from asetof|C| + |D| = s — a — 1 elements. The total number of 
such choices is 

p ~ s — 1 + a\ / s — 1 — a\ / p — 1 — s + a\ / s — 1 — a 

a J \q — 1 — a J \ p — 1 — s J \ s — q 
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We remark again that 

= (^_iyA\ + \B\ + \C\ ^ ^_^,^q+s+l 



SO that the total contribution of (|3.39| ) modulo p is 

9-1 



^ i<o<s a=0 ^ 



s \ / s — a — 1 



^EM)'EM)'(,:0C! 

^ l<q<s t=s-n \ ' / \ 



tQ—l 



l<g<s 



= (-1)^ 

If we add the coefficients from (|33|),(g),(|38D and (|^) we have 

= 1 : s + 1 < 5 < p - 1} + = l:g = p}\ 

Therefore we see that these terms cancel ( p.34|) and the proof is complete. ■ 
Lemma (|3.10|) allows to define the coboundary operator 5^ : C^(g; M) C^(g; M) 
by the formula 



where (3 is defined in (|3.31|) . We then have the following theorem. 



Theorem 3.13 In the above notations, 6'^6^ = so that the quotient H'^{g;M) 
KeT6'^/lm6^ is well defined. 
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The proof of Theorem ( p.l3| ) is another computation which requires one more com- 
binatorial lemma. 

Lemma 3.14 If 2 < n < p, then 

Proof. The equality = (mod p) for 2 < n < p is well known. Using the 

identity 



(D 



k-i) \ k 



from Pascal's triangle, it is easy to show by induction on n that 



n-l 



n — _ , 

k=0 



We remark that we define (^) = whenever s < t for purposes of our induction. If 
we re-index in ( ^.42[ ) with = n — k — 1, then we have 



p \ \ f p — n + K 



n — i / ^ — ' \ K 

K=0 



Proof of Theorem ( |3J^ . By definition, ii ip E C\g;M), then S^S^ip) = 
(^ci.^ci.(^); /^) where f3 : q x q -.^ M is defined by 

i+j=p-l j 

(3.43) 

Of course ^ci.'^ci.(V') = so that it remains to show that (3 = 0. Using the identity 

SliHg, h) = -g^Pih) + hi;{g) + i^Ugh]), (3.44) 
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we rewrite each term in ( |3.43| ) involving S^^ ip as a sum of three terms involving tp. 
Expanding we have 



Pig, h) = -^^(/iM) + h^Mg) + Hiah^'^) 

i+j=p-l j 

- J2 {-iyh'n9,h,---M) 



i+j=p-l 



i+1 



(3.45) 
(3.46) 
(3.47) 
(3.48) 



Clearly the two underlined terms cancel. Moreover, if i < p — 1, then every term in 
( p.46| ) appears in ( 3.47 ) with the opposite sign. This leaves on the term j = p — 1 
in (|3.47| ). If i = p — 1, the remaining term in ( |3.46| ) is —h^tplg) {[g] = g), and if 
j = p — 1, the remaining term in (|3.47| ) is —ipdg, h, - ■ ■ ,h])). Therefore these terms 



cancel the double underlined terms since h^p]^{g) = hP^{g) and [g,h,-- ,hj = [gh^P^]. 

p 

Now, recalling that 



s+t=j 



^ ^ h'gh' 



we expand the bracket in ( p.45| ) and we have 



i+j=p—l s+t=j 



i + S I J \ h^ + Sg}^t^(^}^^ 



= gh^^'m + E (-1)' ( 

i+j=p-l S + t=j 
i>0 

-gW-^^{h). 



p — 1 



h'gh'^ih) 
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If we rearrange the remaining terms, we have 



Pig,h) = j2i-^y-' 



E 

J=0 



p-i+j 
J 



h'''ghP-'i;{h). 



But by Lemma (|3.14|) , each coefficient in this sum is zero modulo p so that /5 = as 
claimed. ■ 

We remark here that the map C^(g; M) C^j (g; M) given by {f,uj) (f is obvi- 
ously a CO chain map so that we have a map H^{q; M) HI{q] M) that sends the 
cohomology class of uj) to the (classical) cohomology class of ip. Indeed, we have 
the following commutative diagram 











C'{q-M) 



C\g;M) 



C\q-M) 
i 



C'{g; M) 

i (3.49) 



where the horizontal maps are the coboundary operators. This diagram shows that 
we have a map H^{q] M) — > H^iXq; M) for k < 2. Theorem (|3.9|) states that this map 
is injective for k = 1; this is obvious from the left most square in ( |3.49D . The map 
H'^{g; M) — > H^i{g; M) fails to be injective. Indeed, if (v?, l<j) G C^(0; M) represents a 
restricted cohomology class and ip G C^i (g; M) is cohomologous to zero; i.e. ip = Sli ip, 
it need not follow that u = ip so that {(f, u) is not necessarily cohomologous to zero 
restricted cocycle. 



3.3 Algebraic Interpretations 

In this section, we develop the analogs of the algebraic interpretations of low dimen- 
sional cohomology described in section (2.1.4) for restricted Lie algebras and show 
that equivalence classes of these objects are naturally encoded in the (restricted) 
cohomology spaces defined above. In each example, we use the interpretations in 
the classical case along with our description of restricted cohomology to define corre- 
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spending notions for restricted Lie algebras. In the case of 1-dimensional cohomology, 
we employ the injection H^{q; M) — >■ H^^ {q; M) of Theorem ( |3.9| ) to motivate appro- 



priate definitions of restricted derivations and extensions of restricted modules. In 
dimension zero, of course we still have H^{q] M) = since this is the case for 
Hlig;M). 

We begin with the notion of a restricted derivation of a restricted Lie algebra g. 
Recalling that H^^ {g]g) equal to the space Der(g)/ ad(0) of outer derivations of g, 
Theorem (|3.9|) motivates the following definition. 

Definition 3.15 If g is a restricted Lie algebra over ¥, an ¥-linear map D : g ^ g 
is called a restricted derivation of g if for all g,h & g, 

(i) Di[gh]) = [gDih)] + [Dig)h]. 

(ii) D{g^P^) = {e,dgyf"W{g). 

We denote the set of all restricted derivations of g by Derres.lfl); it is an F-submodule 
of gl{g) = IIomF(0,0). 

Lemma 3.16 For each g & g, the map adg : g ^ g defined by 

a.dg : h [gh] 

is a restricted derivation of g and the map ad : g ^ Derres.(0) that sends g to adg is 
a restricted Lie algebra homomorphism. 

Proof. It is well known that a.dg is an ordinary derivation on g in the sense of (i) of 
Definition (|3.15|) . U h E g, we have 

ad(7(/iW) = [gh^^^] = [g,h,h^_^ = i-lY-\adhr-\adg{h)). 

p-i 

But (— 1)^^^ = 1 so that adgf is a restricted derivation of g. Of course ad : g ^ qKq) 
is an ordinary Lie algebra homomorphism, and since 

adg^P\h) = -[hg^^^] = -[h,g,...,g] = (-ir+i(ad (^^(/i). 
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we see that ad is in fact a restricted Lie algebra homomorphism. ■ 
Lemma ( |3.16|) gives g the structure of a g-module and the notation C^i^g; g) will always 
mean this particular module structure. Borrowing terminology from the classical case, 
we will call restricted derivations of the form adg inner and elements of the F-module 
quotient Derrcs.(0)/ ad(g) outer. We remark that actually, Deri.es.(0) is a restricted 
Lie subalgebra of gl{g) and that the equation 

[D, adg] = adD{g) 

shows that ad(0) is an ideal in Derres.(fl)- Therefore we can view the quotient 
Deri.es.(0)/ ad(g) as a restricted Lie algebra. With these definitions, we have the 
following theorem immediately. 

Theorem 3.17 The space Derj.es.(0)/ ad(g) of restricted outer derivations of g is 
equal to H^{g; g). 

Proof, li tjj e C^{g; g), then S^ip = {Sl^ ^p,1p) is a cocycle if and only if 5ll ^p = and 
ip = 0. Easily Sl^'ip = if and only if ip satisfies (i) of Definition ( |3.15| ) and ip = ii 
and only if ip satisfies (ii) so that Z^{g;g) = Derj.es.(g)- Moreover, since 6^ = , it 
follows that Im5° = ad(g) and the proof is complete. ■ 
We note that Theorem (|3.17| ) together with the remarks after Lemma ( |3.16| ) imply 



that H^{g;g) is a restricted Lie algebra. As in the case of classical Lie algebra 
cohomology, the space H^{g;g) has another interpretation. We begin with a slightly 
more general notion of which this is a special case. 

Definition 3.18 If M and N are restricted g-modules, then a restricted extension of 
N by M is an exact sequence 

O^M^E^N^O (3.50) 
of restricted g-modules and homomorphisms. 



CHAPTER 3. 



COHOMOLOGY OF RESTRICTED LIE ALGEBRAS 



60 



Two extensions of A?" by M are equivalent if they can be included in a commutative 
diagram 

— ^ M ^ El ^ N — ^0 

II o i o II (3.51) 

We denote the set of equivalence classes of extensions of by M by Ext(A^, M). We 
will need the following lemma. 

Lemma 3.19 If M and N are restricted Q-modules, then the space of ¥ -linear maps 
HomF(iV, M) is a restricted Q-module where we define for g E Q, ip & }iomf{N,M) 
and n & N 

{g(p){n) = g(p{n) - ^{gn). 

Proof. It is well known that this action gives HomF(A^, M) the structure of an 
ordinary g-module. Therefore it remains to verify that g^^ = g^ as operators on 
HomF(A^, M). For a fixed g G q, we define two endomorphisms, Ug and Vg, of 
Hom]Er(A^, M) by Ug{(f) — go(f and Vg — (fo g where we consider e g as an operator 
on M and N respectively. In this notation, the g-module structure on HomF(A'", M) is 
given hy g ^ Ug — Vg. Now, as endomorphisms of HomF(A'", M), one can easily verify 
that Ug and Vg commute so that {ug — VgY = u^g — v^. Now, if g E Q, ip ^ HomF(A^, M) 
and n E N, we compute 

{g^^ip){n) = g%{n) - ipig^^^n) 
= g^ifin) - ip{g^n) 

= [{ug-vgn^)]{n) 

and hence HomF(A'", M) is a restricted g-module as claimed. ■ 
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Given an extension ( |3.50| ) of by M, we construct an element of C^(g; HomiF(A^, M)) 
as follows. Choose a F-linear map p : N ^ E such that vrp = l^v- We then define an 
element G C^{q; HomfiN, M)) by the formula 

^{9){n) = gp{n) - p{gn). 

We note that, in fact, gp{n) — p{gn) G M since 

T^igpin) - p{gn)) = g-Kp{n) - np{gn) = gn - gn = 0. 

We claim that the map ip is a restricted cocycle whose cohomology class depends 
only on the equivalence class of the extension ( 3.50| ). Indeed, it follows from the 
classical cohomology theory that S^^'ip = and that the classical cohomology class 



of ip depends only on the equivalence class of the extension (|3.50|) . Since 6^ = 5°] 



it remains only to verify that ip = 0. Now, p G }lomf{N,E) which is a restricted 
0-module and, by definition, we have ip{g) = gp as maps N — > M. Therefore 

gP-'^|J{g) = g^p = g^^^p = ^{g^^^) 

so that ^/j{g) = ^ g^^^^ig) = oni claim is established. Conversely, if 

ip G C^{q; llomf{N, M)) is a restricted cocycle, we construct an extension of by M 
as follows. As a vector space, we set = A^ © M with l and vr the canonical inclusion 
and projection respectively. For each (? G g, we define an endomorphism of E by 

g{n,m) = {gn, gm + ip{g){n)). 

We claim that this gives E the structure of a restricted g-module and that the sequence 
0— s>M— i>i?^A^^Ois exact in the category of restricted g-modules. The linearity 
conditions clearly hold so that we need only check the restricted module conditions 
for the pairing {g, {n,m)). In fact, the same construction, mutatis mutandis, works 
for ordinary Lie algebra modules and the condition [gh] = gh — hg is verified there. 
We therefore will only check that (^'^l = g^ as operators on E. If G g, then using the 
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cocycle condition on ijj along with the fact that and M are restricted g-modules, 
we have 

glp\n,m) = (^Wn,^Wm + ^(^[Pl)(n)) = {gPfi, gPfn + {gP-^ij{g)){n)). 
On the other hand, a direct computation shows that 

gP{n,m) = {g^n,gPm+ ^ 9\ip{9)i9'n))). 

i+j=p-l 

Using the notation of Lemma ( p.l9| ), we recall that the commuting endomorphisms 
Ug and Vg of B.omf{N, M) satisfy the identity 

{U,-VgY-'= 

Moreover, we have {u^gV^gip){n) = g^iplg^n) for all n G so that 
(^^-V(^))(n) = {{ug-vgr~'^{g)){n) 

= ( E 

\i+j=p-i / 

i+j=p-l 

Therefore g^'^ = g^ as operators on E, and hence is a restricted module. Evidently 
the canonical inclusion and projection are restricted Lie algebra homomorphisms with 
this module structure so that we have an extension of by M. We claim that the 
equivalence class of the extension constructed above depends only on the cohomology 
class of ip so that we have an assignment H^{Q;llomf{N, M)) Ext{N, M). Sup- 
pose that ipi and iIj2 are cohomologous and let Ei and E2 denote the corresponding 
extensions of A^ by M. li f : N ^ M satisfies 5"/ = ipi ~ '^2, then we define a map 
El ^ E2 by 

(n, m) I— > {n,m — f{n)). 

Clearly this map is an isomorphism of vector spaces making the diagram (|3.51|) com- 
mute. Therefore we need only verify that it commutes with the action of q. We 
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have 

g{n,m) = {gn,gm + 'ilji{g){n)) ^ {gn, gm + 'il)i{g){n) - f{gn)) 

and 

g{n,m- f{n)) = {gn, gm - gf{n) + tlj2{g){n)). 

Taking the difference of the second factors we have 

gm + 'il^i{g){n) - f{gn) -gm + gf{n) - 'il)2{g){n) 
= {Ma) - M9)){n) - {-gf{n) + f{gn)) 
^{M9)-M9)){n)-{S'f{g)){n) 
= 

Therefore the extensions Ei and E2 are equivalent and our assignment is well defined. 
It is obvious that our constructions are inverse to each other so that we have shown 
the following theorem. 

Theorem 3.20 // M and N are restricted g-modules, then the set Ext(A^, M) of 
equivalence classes of restricted extensions of N by M is in one to one correspondence 
with H^{q; HomF(A^, M)). ■ 

In particular, if A?" = F is regarded as a trivial g-module, we recover the restricted 
version of one dimensional right extensions of the module M. 

Corollary 3.21 H^{q;M) is in one to one correspondence with equivalence classes 
of one dimensional right extensions of the restricted Q-module M. ■ 



CoroIIciry 3.22 H^{Q,g) is in one to one correspondence with equivalence classes of 
one dimensional right extensions of the restricted Lie algebra g. ■ 
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To interpret these results in terms of Theorem ( p.9| ), we note that the ordinary cocycle 
condition is sufficient to make E an ordinary g-module; whereas the restricted cocycle 
condition "ipig^^) = g^~^i^{g) is necessary for to be a restricted g-module. This is 
evident in the proof given above. If let let Extci.(^, M) denote the set of equivalence 
classes of extensions of by M as ordinary g-modules, then Theorem (|3.2CI|) can be 
stated as follows. 

Theorem 3.23 The canonical isomorphism Extd. jW^) -—^ -f^ci (fl! HomF(A^, M)) 
maps Ext(A^, M) onto H^{q; HomF(A^, M)). ■ 

We now turn our attention towards algebraic interpretations of if^(g;M). Unlike 
the one dimensional case, the canonical map H^{q', M) H^^ (g; M) is not injective 
so that we cannot simply investigate a particular subspace of H^i {q] M). We begin 
with the notion of restricted extensions. Following Hochschild in [0, we say that a 
restricted Lie algebra {) is strongly abelian if in addition to = 0, we also have 
p)H = 0. We then make the following definition. 

Definition 3.24 If g is a restricted Lie algebra and i) is a strongly abelian restricted 
Lie algebra, then a restricted extension of g by i) is an exact sequence 

— >i)^t^ g — >0 (3.52) 

of restricted Lie algebras and their homomorphisms. 

Two restricted extensions of g by f) are equivalent if they can be included in the usual 
commutative diagram. That is ei is equivalent to e2 if there is a restricted Lie algebra 
isomorphism a : Ci ^ e2 that fixes t) elementwise and 7r2a = tti. We note that a 
restricted extension of g by f) gives i) the structure of a g-module by the action 

g-h = [gh] 

where ^ G e is any element satisfying TT{g) = g. This action is well defined because f) is 
abelian. Moreover, since 7i{g^^'^) = 7r(^)[^l = g^P\ it is easy to see that f) is a restricted 
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module. We remark here that if f) is contained in the center of c, then f) is a trivial 
0-module. Such an extension is called central. Given an extension (|3.52|) of by f), 
we construct an element of H'^{q; f)) as follows. Choose an element a G Homp(0, e) 
such that TTcr = Ig and define (p : g x q ^ [) and u; : g f) by the formulae 

^{g,g') = [aig)aig')]-a[gg'] 

We note that since na = Ig, we have Imy) C f) and Imu C f). Moreover, ip is clearly 
F-bilinear and skew- symmetric so that G C^i (g; f)). We need the following lemma. 

Lemma 3.25 In the above notations, the map uj has the *-property with respect to ip 
so that the pair {ip,uj) is an element ofC'^{g; i)). Moreover 6"^ {ip,u!) = so that (v?, u;) 
represents a restricted cohomology class in H'^{q', f)). 

Proof. Obviously we have uj{Xg) = \^uj{g) for all (7 G and all A G F. Moreover, it 
is evident from the definition of u that 

+ E -^^iWi9i),---,^i9p)]-^i[9i,---,9p]))- (3.53) 

Sj^S or 9' 
ai=3,92=s' 

Using the formula 

(^[99] = [(^{9)(^{9')] - ^{9,9'), 

and the definition of the g-module structure on t), we expand the term (T{[gi, . . . , gp]). 
We have 

(^{[9u---,9p]) = W{9i), - ■ ■ ,(^{9p)] 

p-2 

+ ^i-'^f^^9p ■ ■ ■ 9p-k+i'fi[9u ■■■ , 9p-k-i], 9p-k)- 

k=0 

Substituting this last expression into ( p.53| ) shows that uj has the *-property with 
respect to (p. We remark that our construction of ip is valid for ordinary extensions 



CHAPTER 3. 



COHOMOLOGY OF RESTRICTED LIE ALGEBRAS 



66 



of g by f) and it is well known that = 0. Therefore the proof of the lemma is 
complete upon showing that the induced map /? in (p.31|) is identically zero. Using 
the definitions of ip, u and the g-module structure on [), we have for all g,g' G Q, 

P{g,g') = [aig)aig'^^^)]-ai[gg'^^)) 

l+j=p-l . 
+ [aig)aig')^^^]-[aig)aig'^^^)]. 

Now, [gg'^^'^] = [g,g', ■ ■ ■ ,g'] so that using the identity 

p 

^[99'] = [(^{9)(^{9')] - V{9,9'), 

we expand cdgg'^^^]) and see it cancels each term in the middle sum leaving only the 
term 

[a{g),a{g'),...,a{g')] = [a{g)a{g'n- 
p 

Therefore we see that (3 = and the proof is complete. ■ 
Suppose that a' : g ^ e is another F-linear splitting map and let {ip', u') denote the 
corresponding 2-cocycle constructed above. If we let = cr — cr', then easily Imip C i) 
so that ip G C^{q', [)). Moreover it is well known that 6li = ip' — ip. We claim that 
= uj' — u so that (v?, uj) and {ip', u') are cohomologous as restricted 2-cocycles. To 
verify our claim, we first compute for any (7 G g: 

^{9) = H9^'^) - g'-'m 

= i^{9^'^)-H9)[---H9)m]---]] 

^ V ' 

p-1 

= cr(^7W) - a'(^W) - [a{g)[- ■ ■ Hg)ia{g) - a'{g))] ■ ■ ■]] 

" V ' 

= - + [a{g)[. . . [a{g) a'{g)] ■ ■ ■]] (3.54) 

^ V ' 

p-1 
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On the other hand we have 

= a((?W)-(7'(^7W) + a'((7)W-a(^7)W (3.55) 

Now, since f) is strongly abehan, ip{g)^'^'^ = so that {(^{g) — cr'^g))'^^'^ = 0. It follows 
that 

Sj=a"(9) or ""'(g) 
ffl=CT(9),92=CT'(9) 

But a{g) and a'{g) are equal as operators on [) so that for a fixed number of cr{g), 
this term occurs ^{a{g)) times. This together with an inspection of equations ( p.54| ) 
and ( |3.55| ) establishes our claim. 



Now, if Ci and t2 are equivalent restricted extensions, and a : ei e2 is the map 
realizing this equivalence, then we choose two splitting maps ai : g ^ Ci and con- 
struct corresponding cohomology classes containing tui) and {{p2,uj2). The same 
arguments given above show that the map ip = ao\ — 02 takes values in 1) and 
b^il) = {(p2 — fi,i^2 — t^i)- Therefore we have a well defined map from the set 
of equivalence classes of restricted extensions of by f) to H'^{q; f)). Conversely, if 
{ip, Lj) G C^(0; f)) is a cocycle, we construct a restricted extension of g by f) as follows. 
We make f) into a strongly abelian restricted Lie algebra by declaring that [hh'] = 
and h^^ = for all h,h' G i). We define e = [) © g as a vector space and we define the 
Lie bracket and p-operator in e by the formulae 

[{h,g){h',g')] = {v{g,g'),[gg']) (3.56) 
(/.,^)W = icoig),g^^). (3.57) 

The bracket ( p.56| ) is clearly bilinear and skew-symmetric and it is well known that 
the Jacobi identity for ( 3.56 ) is equivalent to if = 0. Moreover, the operation 



( p.57| ) is a j9-operator precisely because u has the ^-property with respect to ip and 
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the induced map (3 in ( |3.31| ) is identically zero. Finally if uj') is cohomologous to 



cj) and ip E C^(g; f)) satisfies 6^ip = if ~ f'y^ ~ ^0) then it is easy to see that 
that map a : {h,g) {h + 'ip{g),g) is an equivalence of restricted extensions. These 
constructions are evidently inverse to each other so that we have shown the following 
theorem. 

Theorem 3.26 The set of equivalence classes of restricted extensions of g by i) is in 
one to one correspondence with H'^{q', i))- ■ 

An important special case is f) = F. 

Corollary 3.27 H'^{q) is in one to one correspondence with equivalence classes of 1 
dimensional restricted extensions of q. ■ 

We remark here that the proof of the independence of the cohomology class on the 
equivalence class of the extension shows precisely why we require a strongly abelian 
algebra f) in the definition of restricted extensions. That is, it will always be the case 
that the skew-symmetric maps on g are (classically) cohomologous if they arise from 
different splitting maps. However, the induced map ip need not equal the difference 
of the maps u and u' on g unless f) is strongly abelian. In terms of the canonical map 
H^{Qj ^) ~^ -f^ci.(0j that this map is injective precisely when f) is strongly 

abelian. 

We concluded this subsection with an investigation of the notion of a restricted in- 
finitesimal deformation of a restricted Lie algebra. Since F has positive characteristic, 
our approach is purely algebraic. 

Definition 3.28 A restricted infinitesimal deformation of a restricted Lie algebra g 
is a skew-symmetric bilinear map : g x g ^ g together with a map uj : g ^ g such 
that for alltEF the maps 

{g,h) ^ [gh],= [gh] + ^{g,h)t (3.58) 



CHAPTER 3. 



COHOMOLOGY OF RESTRICTED LIE ALGEBRAS 



69 



g ^ g{p]t = g[p\ ^ ^^g)t (3.59) 

give the vector space q a restricted Q-module structure (mod t^). 

Equivalently a restricted infinitesimal deformation is a restricted Lie algebra structure 
on the tensor product (F[t]/(t^)) ®f such that 

e®lg: (F[t]/(t2))®3^F®g = g 

is a restricted Lie algebra homomorphism where e : F[t]/(t^) ¥ is the canonical 
augmentation. Two restricted infinitesimal deformations are equivalent if there is a 
linear map : Q ^ Q such that 

Ma, h) - ip2i9, h) = [g^{h)] + [h^ig)] - tP{[gh]) 

and 



u,ig)-cu2ig)=i^ig^'^)-mg),g^ 



9\ 

1-1 



It is well known that the bracket in (|3.58| ) satisfies the Jacobi identity if and only if 



G (g; g) is a cocycle. We claim that the properties of the p-operator in ( p.59|) 
imply that u has the ^-property with respect to (f so that {(f, u) G C^(g, g) and that 
is a cocycle. Indeed, since (Ag')'*'!* — X'^g^^^* = for all t, we easily see that 
uj{\g) = \^uj{g). Since t^ = 0, it is easy to expand the bracket [gi, ■ ■ ■ ,gp]t and we 
have 

[gi,--- ,9p]t = [9i,--- ,9p\+ti ^[(p{[gi, gp-k-i],gp-k),gp-k+i, ...,gp]]. 

\k=0 J 

Therefore, comparing the constant terms and the coefficients of t in the identity 

(g + h)^Ph = glPh + h^ph + ^ 1 [[[... [[^^^J^^3]^...]^^^_^]^^^^^^ 

g^—g OT h 
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we have the usual identity for {g + hY^^ and 
1^(9 + h) =uj{g) + uj{h) 



1 f"'^ 

9,=9 or h ^^^^ \fc=0 



9p-k-i], gp-k) , Qp-k+i, ■ ■ ■ ,gp] 



Recalhng that we have adjoint coefficients, we have 



^{[gi, ■ ■ ■ ,gp-k-i],gp-k),gp- 



• gp] = {-'^)^gp ■ ■ ■ gp-k+iv{[gi, ■ ■ ■ , gp-k~i], gp~k) 



so that uj has the ^-property with respect to (f as claimed. It remains to show that 
the pair u) is a restricted cocycle. Expanding the left hand side of the identity 



[gh^^^^] = [g,h,...,h] 



(3.60) 



and simplifying (mod t^), we have 

[gh^P^^] = [gh^P^]+t{[guj{h)]+^{g,h^P^)). 
Expanding the right hand side of (|3.60|) , we have 

[g,lh_-jT)t = 

V 



(3.61) 



, . . . , 

V 



Comparison of the coefficients of t in ( p.61| ) and ( p.62| ) shows that 

(^(^,/iW)- (-ir/^v([^7,/v^,/^) + M/i)] = o. 

i+j=p-l • 



(3.62) 



Therefore the induce map (3 in (|3.31|) is identically zero and the pair {ip, u) is a cocycle 
as claimed. If two extensions {ipi,u!i) and (^92,1^2) are equivalent and ip '■ d ^ Q 
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the map realizing this equivalence, then by definition S^ip = {ipi — (p2,^^i — ^^2) so 
that the resulting cohomology classes are the same. Therefore we have a map from 
the set of equivalence classes of restricted infinitesimal deformations of g to H^{q] g). 
Conversely, if {ip,uj) G C^(0;0) is a cocycle, and we define a a bracket [,]t and p- 
operator -'^l' on g by the formulae (|3.58|) and (|3.59|) , the the above arguments easily 
reverse to show that g is a restricted Lie algebra with these operations and hence 
we have a restricted infinitesimal deformation of g. Moreover, cohomologous cocycles 
give equivalent deformations by definition. Summarizing, we have shown the following 
theorem. 

Theorem 3.29 The equivalence classes of restricted infinitesimal deformations of a 
restricted Lie algebra g coincide with elements of H'^{q; g) . ■ 

We remark that our investigation of restricted infinitesimal deformations amounted 
to investigating the kernel of the canonical map H^{q;q) if^i (g;g). That is, two 
(ordinary) infinitesimal deformations of g in the sense of (2.1.4) may be equivalent 
via but ip need not satisfy (|3.59|) . 

3.4 Multiplicative Structures 

We conclude this chapter with a brief remark on the multiplicative structure of the 
complex C defined in section (3.1). 

Recall that a differential graded algebra is a graded algebra A over F equipped with 
degree —1 endomorphism d : A ^ A such that ci^ = and the Leibniz formula 

d{ah) = {da)b+ i-iya{db) 

holds for all a,b ^ A. Here we use the symbol a to denote both the element a G A as 
well as the degree of this element. From this formula, we see immediately that the 
product of two cycles is again a cycle, and the product of a cycle c and a boundary 
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db is a boundary d{cb). Therefore we can define the product of two homology classes 
as the class containing the product of any two representatives. This product gives 
H[A) itself the structure of a graded algebra. Our purpose in bringing this up here is 
merely to mention that our complex C is a differential graded algebra, and that this 
fact is useful in some of our computations above. Namely, if we continue to fix a basis 
{ci, . . . , e„} in g, then as an algebra, = ®k>o generated by the elements 

g° = l®l(g)ej 

gl = 1 (g) Ci O 1 
g- = 6^0 1(8)1 

where g^ e Cj for j = 0, 1,2. Using these generators, it is easy to check that the 
boundary map d : ^ satisfies the Leibniz formula 

d{ab) = d{a)b ad{b) 

for all a,b E C*, and hence the homology H{C) is a graded algebra. In particular, we 
can now easily prove a claim made in section (3.1). Recall that if we define 

Q = 1 O ef' ® 1 - 1 (g) ® 

then Q e Ci is a cycle for alH = 1, . . . , n. Since the map d is multiplicative, it follows 
immediately that each product 

Cii ■ ■ ■ Qj. 

is a cycle as claimed in section (3.1). We remark that without this multiplicative 
property of the boundary map d, the verification that • • • is a cycle is non- 
trivial. 
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Chapter 4 

Conclusions 

In this concluding chapter, we briefly discuss some questions that remain unanswered 
by our work as well as give some indications of the methods we will pursue to answer 
these questions. 

First, in the case of an abehan restricted Lie algebra g, we were able to construct a 
free augmented complex C — {C^, dk\ 

a — ^ F — ^ 

in the category U^es. (5)-modules that is exact in dimension less than p. The cohomol- 
ogy of the derived complex Hom(C, M) therefore agrees with the Cartan-Eilenberg 
deflnition of cohomology in dimensions less than p. We recall that in order to prove 
that this complex is exact for A; < p, it was necessary to compute the homology of 
two auxihary complexes C = {Ck, dc} and <i — d(f}. We argued that given a cycle 
c e Cfe, we could modify c by adding boundaries so that the leading term in c was a 
cycle in the auxiliary complex C This leading term is then homologous to a cycle of 
a special form so that we could write c as a sum of a boundary and a cycle of lower 
total degree. Induction on the degree of the leading term then showed that c was in 
fact a boundary. We recall here that the auxiliary boundary operators dc and are 
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nothing more than the terms in the boundary operator d. That is we have 

d = dc + <9c. 

All of this suggests that the auxiliary complexes C and are nothing more than the 
initial terms of a spectral sequence that converges to the homology of the complex 
C. That is, we believe that there is a filtration of the complex C such that the initial 
terms of the corresponding spectral sequence are exactly the auxiliary complexes C 
and <t. One goal in our subsequent investigations of this complex is to attempt to 
better organize the argumentation given in section (3.1) of this dissertation and find 
this filtration. We remark that this by itself will not lead to any new results, as we 
were able to compute the homology of C anyway. However, the organization of such 
a filtration may very well lead to new insight into the structure of the complex C and 
hence the resulting derived complex Hom(C, M). 
As stated in section (3.2), our construction of the cochain complex 

^ C\g; M) ^ C\q- M) ^ C\q- M) ^ C\q- M) 

in the non-abelian case is sufficient for many computational purposes. However, the 
argumentation involved in the constructions of these spaces and coboundary operators 
was extremely specialized and does not readily generalize to higher dimensions. In 
our future research, we would like to obtain general constructions of the restricted 
cochain spaces C^{q] M) and coboundary operators 5 : C^{q] M) — > C'^^^{q] M). As 
we remarked earlier, the equality of the dimensions of the cochain spaces constructed 
in the abelian and non-abelian cases (Corollary ( p.6| )) indicates that we may be able 
to develop the cohomology theory in the non-abelian case by deforming the spaces 
constructed in the abelian case. In fact, the deformation theory of restricted Lie 
algebras is a natural point to begin all of our cohomological investigations. 
Recall that the connection between the cohomology of a Lie algebra g and infinites- 
imal deformations of g is encoded in if^i (g;g). A Lie algebra can be defined as a 
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certain odd codifferential on the exterior coalgebra of a vector space, and by defini- 
tion, an Loo algebra is an arbitrary codifferential on this exterior coalgebra. Using 



this point of view, it has been shown in |jT3[ that the ordinary Lie algebra cohomol- 
ogy Hci.{Q',q) classifies the infinitesimal deformations of the Lie algebra into an Loo 
algebra. Equivalently, we can say that the infinitesimal deformations of a Lie algebra 



into an L^o algebra classifies HciXq', q)- Conversations with the author of [T^ indicate 
that perhaps a restricted Lie algebra is merely a special case of some codifferential 
on the exterior coalgebra or the symmetric coalgebra (or a mixture of the two) of a 
vector space. We have defined the restricted cohomology H^{g;Q) of a restricted Lie 
algebra g and hence have defined the notion of infinitesimal deformations of these 
algebras. It may therefore be possible to parallel the theory developed in ||13[ for 
restricted Lie algebras. We remark that it is often necessary to have H^{g;Q) to 
complete the deformation theory and we do not have this space in the non-abelian 
case. In fact, if the prime p = 3, the complex in the abelian case fails to be exact at 
= 3 so that we do not have H^{q] g) is this case as well. One of our primary goals 
in our future research will be to fully develop the deformation theory of restricted Lie 
algebras. As we have already remarked, one consequence of this development may be 
to understand the notion of a restricted Lqo algebra. Perhaps even more interesting is 
the fact stated in Corollary ( [3.61 ): the dimensions of the cochain spaces in the abelian 
and non-abelian cases are identical. This suggests that we may be able to construct 
the general non-abelian cochain spaces by deforming the spaces constructed in the 
abelian case. In this sense the entire (non-abelian) restricted cohomology theory may 
be a quantization of the abelian restricted cohomology. 

Our future work will also include making computations of the cohomology of certain 
well known restricted Lie algebras. In particular, we recall that if Zp denotes the 
cyclic group of order p and A = F(Zp) denotes the group algebra of Zp over F, then 
the Witt algebra is the derivation algebra W = Der A. Recall that W has a basis Dj, 
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(j = 0, 1), where 

Djx = 

and is a restricted Lie algebra with the operations 

[Di,D,] = 

Df = 0(j>0). 

We remark that W is simple as a Lie algebra so that the p-operator D^^ — is 
the only map W ^ W giving W a restricted Lie algebra structure. The (ordinary) 
cohomology of the Witt algebra has been extensively studied since the early 1970's. 
Although much is known about the cohomology spaces of this algebra, the results are 
usually very complicated. That is, W has several exotic cohomology classes, and the 
existence of these classes usually depends on the prime p being sufficiently large. All 
of this suggests that we might benefit from examining the restricted cohomology of 
W. The computation of the cohomology of W is important since certain cohomology 
classes of this Lie algebra (in the characteristic zero case) correspond to characteristic 
classes of fohations of codimension 1 called Godbillon-Vey classes. Of course, thanks 
to Chevalley, we can construct smooth Lie groups with given Lie algebras in positive 
characteristic as well and hence we may be able to develop the theory of Godbillon- 
Vey classes for these manifolds. 

Finally, we remark that it is well known that the representation theories of Kac- Moody 
Lie algebras, quantum groups and restricted Lie algebras have striking similarities. 
Therefore, the construction of a suitably small cochain complex for restricted Lie 
algebra cohomology may simultaneously produce useful methods in the cohomology 
and representation theories of Kac-Moody algebras and quantum groups. This is a 
very exciting research prospect. 
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